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Abstract

The interactive deformation and visualization of volumetric objects is still a chal-
lenging problem for many application areas. We present a novel integrated system
which implements physically based deformation and volume visualization of tetra-
hedral meshes on modern graphics hardware by exploiting the last features of vertex
and fragment shaders.

We achieve fast and stable deformation of tetrahedral meshes with the GPU-
based implicit solver and we present a hardware-based single-pass raycaster for
volume rendering deformed tetrahedral meshes. Thus, direct visualization of the
inner structures of the deformed mesh is possible, while keeping the data on the
graphics hardware throughout the entire simulation.
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1 Introduction

Physical-based animation of deformable objects has gained considerable atten-
tion in the last two decades among the computer graphics community [1–5].
The need for plausible real time animations has generated a number of ap-
proaches, most of them focused to the simulation of cloth [5–7] and facial
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expressions [8]. Application to surgical training or pre-operative planning of
deformable models, when coupled with collision detection techniques, has also
been adressed [9].

Works based on Finit Elemente Methods (FEM) have been reported [10,11],
where objects are decomposed usually into tetrahedral linear elements, over
which the elasticity equations are used. This leads to accurate simulations,
whilst material properties are specified using few parameters. In this respect,
it is important to note that modelling the deformable body as a continuum
will not provide a plausible animation for non-homogeneous materials.

On the other hand, approaches based on mass-spring models [12,8,13] have
had higher acceptance among the computer graphics community, due to their
simplicity and due to the fact that FEM-based simulations are computation-
ally more expensive than mass-spring based simulations. This becomes a main
issue for animation purposes, where the need for plausible animations is more
important than accurate simulation of physical phenomena.

Independent of the numerical method used, the formulation of the dynamics
of deformable bodies is given by a partial differential equation which, once
discretized, is integrated in time as an ordinary differential equation:

ẍ = M−1

(
−δE

δx
+ f (e)

)
(1)

where E is the internal energy of the body resulting from constraints, f (e)

describes external forces applied to the body, and M is a diagonal matrix
representing the mass of the body.

The integration in time of this equation can be performed implicitly or explic-
itly. Explicit solvers have the advantage of being easy to implement and fast to
compute [7]. However, this advantage is limited by the fact that the time step
must decrease rapidly with stiffer equations in order to mantain stability. On
the other hand, implicit integration is able to deal with stiff equations allowing
the use of larger time steps and assuring stability where explicit methods fail
[5].

The interactive simulation of stiff deformable objects is thus an unsolved prob-
lem. Interactive frame rates must be achieved in order to present useful feed-
back to the user. This problem is well suited for the application of the high
programmability of current graphics hardware. The development of DirectX
Pixel Shader 3.0 [14], and OpenGL NV fragment program2 [15], increases the
range of applications where the GPU could help to attain frame rates that
otherwise could not be achieved.
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We exploit the new features provided by graphics hardware to develop a GPU-
based simulation system for deformable tetrahedral meshes. Our simulator
performs implicit integration of the equation describing the dynamics of the
physical system. This leads to interactive simulations since the high cost of
integrating the differential equation implicity becomes irrelevant due to the
considerable larger time steps we are able to use compared with explicit inte-
gration.

In order to perform the integration in time, we solve a linear system with an
sparse non-banded matrix. Our arrangement of the data in textures fits nicely
to the application of GPU-based linear systems solvers for sparse matrices
[16,17]. Although the performance of these solvers were limited at that time
by the need for multiple rendering passes to perform matrix algebra operations,
the new looping capability offered by the NV fragment program2 allows us to
develop implementations with the performance required for our problem.

The new NVIDIA’s EXT framebuffer object extension allows us to imple-
ment render-to-texture operations that overcomes the performance limitations
of classical pbuffer - and glCopyTexSubImage*-based methods. To improve ac-
curacy we use the full IEEE floating point precision provided by the NV40 ar-
chitecture in both the shader and texture stages. In this respect it is important
to know that accessing high precission textures slows down the performance
about a factor of 1.5-2 [17].

For means of performance comparison, we implemented the explicit Euler,
Verlet, and velocity Verlet integration methods on the GPU, as well as the
CPU versions of the explicit and implicit Euler.

With the simulation performed on the GPU, rendering the results of the de-
formation is performed directly from the deformed data without the need for
readbacks and downloads from/to the graphics hardware of the deformed mesh
in every step of the simulation.

We exploit this fact to propose a single-pass raycaster for tetrahedral meshes,
and extend it to deformable meshes using the recently supported NVIDIA’s
NV vertex program3 and NV fragment program2 extensions. This becomes
an important result for medical applications where the deformation of volu-
metric models must be coupled with the visualization of inner structures.

Although the advantages of volume over surface rendering has extensively
been proved during the last decades, to our knowledge no previous work treats
both the volume deformation and visualization problems simultaneously. As
we show in the results, the volumetric rendering of the deformed mesh provides
a deeper insight, which is a main issue in a wide range of applications.
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2 Related work

Müller et al. [11] presented a FEM-based approach for performing deforma-
tions in real time, by estimating the rotational part of the deformation at each
node which, combined with linear elasticity, results in a plausible animation
free of the disturbing artifacts present in linear models and faster than non-
linear models. However, since a linear system must be solved for the implicit
Euler integration, its use with large meshes is still limited.

Level-of-detail based approaches have been developed in order to accelerate the
simulation process [18,6]. Debunne et al. [18] use an automatic space and time
adaptive level-of-detail technique. The body is partitioned into a non-nested
multiresolution hierarchy of tetrahedral meshes. High resolution meshes are
then only used in regions with larger deformations. Birra and Santos [6] use
a hierarchical subdivision of 4− 8 meshes triggered when the curvature error,
calculated for each edge in each step, is greater than a specified threshold.

Teschner et al. [19] present an approach to deformable modeling that uses a
low resolution tetrahedral mesh to perform deformations coupled with a high
resolution surface mesh to visualize the deformed body. The authors claim that
the actual deformation performed over the tetrahedral mesh is able to handle
up to 25000 tetrahedra (considering only the numerical integration step) at
interactive rates. Explicit Verlet integration is used to solve the Newton’s
equation of motion.

Physically-based simulation on the GPU has been addressed by researchers
during the last years to simulate a variety of phenomena [20–23,17,16]. Several
NVIDIA demos perform simple physical simulations modelling cloth, water,
and particle systems physics using graphics hardware [20] based on the work
by Harris et al. [21]. One of the major hardware limitations Harris et al. found
was the need for using glCopyTexSubImage2D to perform render-to-texture,
which involves a readback of the data from the graphics harware.

Harris et al. [22] present a physically-based cloud simulation. The implemen-
tation of the simulator is entirely done on floating-point graphics hardware.
To solve the Poisson pressure equation they use a simple Jacobi solver.

Krüger and Westermann [17] present implementations of linear algebraic oper-
ators on programmable graphics processors. They demonstrate the effective-
ness of the approach by implementing the Conjugate Gradient and Gauss-
Seidel solvers for sparse matrices, and by applying these solvers to the 2D
wave equation and the incompressible Navier-Stokes equations. Similarly Bolz
et al. [16] present a GPU-based implementation of the Conjugate Gradient
and Multigrid methods for sparse matrices and apply them to solve the in-
compressible Navier-Stokes equations. Goodnight et al. [24] present a multi-
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grid solver for boundary value problems on the GPU, which differs from the
previous works in that their implementation of the GPU algebraic operations
are specific to the multigrid solver, which leads to an optimized code.

Although in these works it is shown that the implementation of the solvers is
feasible, the limitations of the programmability of the graphics hardware at the
time imposed certain restrictions and created some drawbacks. For instance,
many passes are required just to compute the large vector inner products
requiered by the algorithms (O(log2N)) [17,16]. Another problem is the need
for pixels tests, e.g. occlusion queries [24]. One important issue that limits the
speed of the computations is the need for context changes between pbuffers

[16,24], which is a very costly operation, to perform render-to-texture.

The work by Georgii et al. [23] is of particular relevance to us. They address
the simulation of deformable bodies at interactive rates through a GPU-based
computation of the Verlet integration method over tetrahedral meshes, where
the edges of the tetrahedra represent springs that join the particles (vertices).
Although the frame rates reported show promising results, since their approach
is based on explicit integration, instability arises for large time steps due to
the stiffness of equations with high spring constants.

GPU-based volume rendering of tetrahedral meshes has been reported in the
last years [25–27]. Pre-integration [28] is usually used in these works to im-
prove the accuracy of the ray integral calculation. However, multi-dimensional
transfer functions [29] have also shown very promising results.

Guthe et al. [25] developed a GPU-based approach for rendering of unstruc-
tured grids using the Projected Tetrahedra algorithm [30]. Multiple 2D tex-
tures are used to replace the 3D textures used by previous approaches to
store the pre-integration table, in order to allow the use of high-resolution
pre-integrated tables.

A hardware-based raycaster for tetrahedral meshes was proposed by Weiler
et al. [26]. They use 3D and 2D textures to store the mesh and the current
state of the integration process on the GPU. This approach was improved by
the authors in [27] through the use of texture-encoded tetrahedral strip to
decrease the amount of texture memory used. It also presents an approach
to render non-convex meshes by means of multiple restarts of the rendering
process at increasing depths. Both approaches use multiple rendering passes
where a pass represents a step in the ray integration. This leads to multiple
rasterizations of the primitives and render-to-texture operations which turns
into a slow down of the render process. However, raycasting a volume provides
results with higher accuracy than cell projection-based techniques.
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3 Implicit Integration of the Physical Model

For a given tetrahedral mesh K, our physical model is based on the set of n
interacting particles (vertices) τi in the mesh. Particle τi interacts with the
N(τi) particles connected to it by an edge.

For sake of notation simplicity, we will refer in the future to particle τi as
particle i, and xi and vi will represent its position and velocity.

Interaction is represented by a linear spring model, for which the energy func-
tion E for two particles i and j is given by:

E =
1

2
κs(|xij| − L)2 (2)

where xij = xj − xi, L is the original distance between xi and xj, and κs is
the spring constant. Thus, the force acting on particle i is:

f
(s)
i = − δE

δxi

= κs(|xij| − L)
xij

|xij|
(3)

We include damping forces exertet on particle i from the interaction with
particle j as:

f
(d)
i = −κd(vi − vj) (4)

The combined force fi over particle i is given by fi = f
(s)
i + f

(d)
i + f

(e)
i , where

f
(e)
i is the sum of external forces applied on particle i that do not depend on

the position or the velocity of the particle.

The derivative of the force with respect to the position is the matrix given by:

δfi
δxj

= κs

xijx
T
ij

xT
ijxij

+ κs

(
1 − L

|xij|

)(
I − xijx

T
ij

xT
ijxij

)
(5)

and with respect to the velocity is:

δfi
δvj

= κdI. (6)

Arranging the forces, positions and velocities of all n particles in three arrays
f = (f1, .., fn), x = (x1, ..,xn), and v = (v1, ..,vn), respectively, and given
the 3n × 3n diagonal matrix M = (m1, m1, m1, · · · , mn, mn, mn), where mi is
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the mass of particle i, our dynamical problem can be written in terms of the
second-order differential equation:

ẍ = M−1f(x, ẋ) (7)

Given the known position x(t) and velocity v(t) of the system at time t, the
goal is to find the new position x(t + h) and the new velocity v(t +h) at time
t + h, where h is the time step.

Defining v = ẋ, Equation 7 is converted to a first-order differential equation
as:

d

dt




x

v


 =




v

M−1f(x,v)


 (8)

Letting M x = x(t + h) − x(t) and M v = v(t + h) − v, the implicit Euler
method approximates M x and M v as:




M x

M v


 = h




v(t)+ M v

M−1f(x(t)+ M x,v(t)+ M v)


 (9)

Following the groundbreaking work by Baraff and Witkin [5], we solve Equa-
tion 9 by defining M x = h(v(t)+ M v) and then solving for M v the linear
system:

(
I − hM−1 δf

δv
− h2M−1 δf

δx

)
M v = hM−1

(
f(t) + h

δf

δx
v(t)

)
(10)

formed using the derivatives given in Equations 5 and 6.

Thus, performing a time step using the implicit Euler translates into comput-
ing Equations 5 and 6, calculating the combined force f , forming the linear
system given by Equation 10, which is then solved for M v, and updating the
positions and velocities in the states vectors x and v.

In order to solve this linear system, we used a GPU implementation of the
Conjugate Gradients [31] method, described in the next section as part of our
GPU-based implicit solver.
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4 Hardware-Accelerated Simulation

With the advent of Shader Model 3, new applications for general computing on
graphics hardware have become possible. The dynamic control flow offered by
the DirectX Pixel Shader 3 API and NVIDIAS’s NV fragment program2 allow
the implementation of more complex algorithms on the GPU. This and the
full IEEE floating point support in texture and shader stages provided by the
NV40 architecture, advance the GPU to a more general purpose processing
unit.

We exploit these new capabilities to realize, a complex physical-based defor-
mation algorithm implemented on the GPU with minor operations performed
on the CPU. As exposed before, our choice of an implicit solver to integrate
the dynamics equation governing the deformation of the volume is based on
the fact that implicit integration is able to handle time steps that provide
interactive responses while working with stiff equations.

In order to solve our dynamic equation on the GPU, we store the information
in 32 bits floating point textures downloaded to the graphics hardware. These
textures hold the state information given by vectors x and v, the externals
forces given by f (e), connectivity information between the interacting particles,
and partial results obtained during the simulation.

To store the results coming from a GPU computation for later use, we use
the EXT framebuffer object extension recently supported by NVIDIA’s beta
drivers to perform render-to-texture. Although currently the use of 32 bits
floating point textures with this extension is not well supported by the driver
implementation, rendering to textures using framebuffer objects outperforms
the classic pbuffer -based approaches used nowadays. The higher accuracy ob-
tained from the use of 32 bits floating point textures is also an important fact
to take in consideration for physically-based simulations.

4.1 Data storage

We store the input information in five 2D textures, positions, velocities,
external forces, neighbours, and neighbourhood. These are square tex-
tures with dimensions given by d√ne, with the exception of the neighbours -
texture which dimensions are d√∑n

i=1 N(τi)e, i.e. the sum of the number of
neighbours of each particle. Better choices for the dimensions of these textures
could be achieved using the results given in [16].

Texture positions holds the position for each particle in the RGB chan-
nels, while texture velocities holds the velocity and mass of each parti-
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cle in the RGB and A channels respectively. In texture external forces,
the sum of the external forces over the particles is stored in the RGB chan-
nels. The connectivity information is stored in two separate textures. Texture
neighbourhood stores in the RG channels the texture positions on textures
neighbours where the information about the neighbours of the particle be-
gins. In texture neighbours, N(τi) consecutive texels hold in the RG channels
the texture positions of the neighbour in the first four textures, in the B chan-
nel the original distance between particle i and the neighbour and in channel A
the index of particle i (See Figure 1). Additionally in the A channel of texture
neighbourhood, N(τi) is stored in order to know the number of consecutive
texels in neighbours that must be accessed.

i R G B

j

GR B A

iL

N neighbours 

n1 2 3 4 5n n n n

Positions
Velocities

External Forces
Neighbourhood

Neighbours

  N

Fig. 1. Textures neighbours and neighbourhood hold the information of the neigh-
boring particles.

This arrangement maps nicely to hold the sparse non-banded matrix computed
when forming the linear system. We can think of each row of neighbours of
particle i in texture neighbours as being the non-zero non-diagonal positions
of the i-th row in the matrix. This holds, since only the elements of the matrix
corresponding to two connected particles are non-zero.

It is important to keep in mind that the information in the first four textures
for particle i is stored in the same texture position.

κs, κd, and h are passed to the graphics unit as environment paramenters.
Alternatively the spring constant κs could be stored in the alpha channel of
texture neighbourhood.
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4.2 Simulation algorithm

A typical CPU implementation of the simulation algorithm is given in Figure
2. We describe here how each step of the algorithm is implemented on the
GPU.

Simulation Algorithm

(1) Compute δf
δx

and δf
δv

.
(2) Calculate the force vector f = f (s) + f (d) + f (e).
(3) Form the linear system given by Equation 10
(4) Solve the linear system for M v.
(5) Update the state vectors x and v.

Fig. 2. Deformable models simulation algorithm with the implicit Euler integration
method.

4.2.1 Compute derivatives and forces

Each step of the algorithm shown in Figure 2 is performed with a set of
fragment programs. The first step is performed is two substeps: calculate the
non-diagonal elements of δf

δx
and calculate the diagonal elements of δf

δx
. δf

δv

needs no calculations in this step since it is defined as in Equation 6. We will
elaborate on this later.

To calculate the non-diagonal elements of δf
δx

we render a quadrilateral covering
a viewport of size d√∑n

i=1 N(τi)e. Each fragment represent a non-zero non-
diagonal element in the sparse non-banded matrix of the linear system. Note
that the last (d√∑n

i=1 N(τi)e)2 −∑n
i=1 N(τi) fragments are not used. Since we

perform the simulation in the 3D space, each element of this matrix is a 3× 3
matrix. Thus, the result of each fragment contains 9 elements. To do this, we
render to three target buffers using the ATI’s GL ATI drawbuffers extension.
Each target buffer is bounded to a target texture non diagonal dfdxk, k =
0, 1, 2 attached to GL COLOR ATTACHMENTk EXT of a framebuffer object.

The target texture non diagonal dfdxk will hold the results of the non-zero
non-diagonal elements of the (3× i + k)-th row of the δf

δx
matrix, in the RGB

channels of the texels corresponding to the neighbours of the i-th particle.

The fragment program takes as input the textures positions, neighbours,
and neighbourhood, as well as the parameters κs and h. Each fragment com-
putes the results according to Equation 5.

From Equation 5, we can see that each diagonal element of matrix δf
δx

is given
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by the negation of the sum of the non-diagonal elements in the row. Recall
that since we are working in 3D space, each element of the diagonal is also a
3 × 3 matrix. Thus, in a further rendering pass we can compute the diagonal
elements by rendering a quadrilateral covering a viewport of size d√ne, where
n is the number of particles in the system, and summing in each fragment the
results of the previous rendering pass corresponding to its neighbours. Thus
textures non diagonal dfdxk are inputs to the current rendering pass. To
access the information in textures non diagonal dfdxk we also need textures
neighbours and neighbourhood.

Since in order to calculate the combined force over each particle we only
need the result computed by the fragment corresponding to the particle, we
include the calculation of the combined forces (Step 2 of the algorithm) in this
rendering pass. In order to do this, from Equations 3 and 4, we need the input
textures positions, velocities, and external forces.

Fragment i calculates the 3 × 3 matrix corresponding to the i-th element of
the diagonal, and the combined force corresponding to particle i. To loop on
the neighbours (non-zero non-diagonal entries of the matrix in row i) we use
the LOOP instruction available in the NV fragment program2 extension. We
implement a dynamic break using a counter and comparing it in each iteration
with the number of neighbours. Although the LOOP instruction is limited to
255 iterations, this limitation could be overcomed using nested loops. However,
from our experience with the tetrahedral meshes we used in the experiments,
the number of neighbours a particle has never surpassed 20.

The result of this rendering pass is bounded to four target textures forces and
diagonal dfdxk; k = 0, 1, 2. As before, note that the last (d√ne)2 − n frag-
ments are not used.

4.2.2 Form the linear system

In the third step of the algorithm, the linear system given by Equation 10
must be formed. To do this, we first compute in a rendering pass the right
side b = hM−1

(
f(t) + h δf

δx
v(t)

)
of the linear system. Inputs to this rendering

pass are the textures non diagonal dfdxk, diagonal dfdxk, and forces, as
well as the parameter h and the textures neighbours, neighbourhood, and
velocities, since it also holds the masses of the particles. We generate, as in
the last step, (d√ne)2 fragments, and each fragment calculates three elements
of vector b to be stored in the RGB channels of texture b. Since matrix
M−1 is diagonal, we only need to loop over the neighbours of the particle
corresponding to the fragment i to calculate f(t) + h δf

δx
v(t) and multiply the

result by h
mi

.
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Next we need to compute A =
(
I − hM−1 δf

δv
− h2M−1 δf

δx

)
. Since I is a diago-

nal matrix, the non-diagonal elements of matrix A are given by −hM−1 δf
δv

−
h2M−1 δf

δx
. We generate (d√∑n

i=1 N(τi)e)2 fragments. Each fragment multi-

plies the input from the textures non diagonal dfdxk by − h2

mi
, to obtain

a partial result. Note that we need the index i of the corresponding parti-
cle (row), which we fetch from the A channel of texture neighbours. Since
δfi
δvj

= κdI is a 3× 3 diagonal matrix, we add −κdh
mi

to the diagonal elements of

the partial result, and write this final result to the RGB channels of textures
non diagonal Ak; k = 0, 1, 2.

To compute the diagonal elements, we generate (d√ne)2 fragments, providing
as input textures diagonal dfdxk, and multiply their content by − h2

mi
for

fragment i. We add 1 − κdhN(τi)
mi

to the diagonal elements and then write the
result to textures diagonal Ak; k = 0, 1, 2. Note that we also need the texture
holding the masses of each particle (velocities) and the texture with the
number of neighbours for each particle (neighbourhood) as input.

With textures diagonal Ak, non diagonal Ak, and b holding the matrix A

and vector b respectively, our problem fits nicely to the GPU-based implemen-
tation of the Conjugate Gradients algorithm proposed in the work by Krüger
et al. [17].

4.2.3 Solve the linear system

Our arrangement of the data in the textures differs from the one proposed by
Krüger and is more similar to the one proposed by Bolz et al. [16]. Thus we fit-
ted the matrix operations used by the Unpreconditioned GPU-based CG pre-
sented by Krüger to work with our arrangement. One of the major differences
in the implementation of the operators proposed in both works is the reduction
operator. We exploited the availability of loops in NV fragment program2, to
implement a two pass reduction operator, compared to the log N passes needed
by Krüger and Bolz. In the first pass we perform a reduction by a factor of
255. This result is then combined in a second pass. Thus, we can handle vec-
tors of up to 2552 elements. Further passes or nested LOOP instructions would
be needed for larger vectors. The tradeoff between the number of passes and
the use of the 16 pipelines available in the fragment shader stage, must be
determined in a future work.

Matrix-vector multiplication operations also benefits from the looping capa-
bilities of NV fragment program2. We eliminate the need for multiple passes
looping on the non-zero elements of each row and using the information stored
on the alpha channel of texture neighbours to access the corresponding ele-
ment in the vector to be multiplied by the matrix. Each fragment generated
(one fragment per element in the resulting vector) performs this operation and
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then adds the result to the contribution of the diagonal element.

This and the fact that we use framebuffer objects to perform render-to-texture,
increases the performance of the algebraic matrix operations. This allows the
application of this kind of operators in real situations where the size of the
linear system makes the computation of its solution on the CPU unfeasible
for interactive applications.

4.2.4 Update the state vectors

Once we solve the linear system, the solution vector M v is used as input to a
final rendering pass, where n fragments are generated to update the position
and velocity of each particle using the update rules given in Section 3. The
result is rendered to textures positions and velocities, and then the next
iteration of the simulation is started.

4.3 Rendering the deformed mesh

Since it is not possible to bind a memory object, such as vertex arrays, using
framebuffer objects, we use the capability of NV vertex program3 to access
textures, in order to be able to use the deformed vertex positions. We access
texture positions in the vertex program, using texture coordinates passed to
each vertex with glTexCoord2f, and fetch the correct vertex position, which
is then transformed and passed as output to the rasterizer. This allows us to
avoid costly readback operations from the graphics hardware.

Figure 3 shows deformations performed on different tetrahedral meshes using
our approach 1 . The images were generated using a surface renderer. However,
in contrast to previous works, we focused on applications where the visual-
ization of the inner information of the deformed tetrahedral mesh is a key
point.

However, rendering deformed tetrahedral meshes requieres certain considera-
tions not addresed in previous GPU-based volume rendering algorithms avail-
able in the literature. In the next section we present a single-pass raycaster
for tetrahedral meshes, and describe the modifications needed to support ren-
dering of deformable meshes.

1 Details on the meshes are given in Section 6.
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Fig. 3. Surface rendering of deformed tetrahedral meshes.

5 GPU-based Volume Rendering of Deformable Tetrahedral Meshes

In this section we present a single-pass raycaster for tetrahedral meshes im-
plemented using the most recent extensions available for commodity graphics
hardware. We also show the modifications performed on it to support de-
formable meshes.

5.1 Single-pass raycasting of tetrahedral meshes

To perform raycasting on the deformed tetrahedral mesh we need, besides the
results of the simulation process that are already stored on texture positions,
topology information which we store in two 3D textures tetra vertices and
tetra neighbours.

The texture tetra vertices holds the texture coordinates on the texture
positions of the vertices vt,i; i = 0, 1, 2, 3 of tetrahedron t in the RG chan-
nels, whilst texture tetra neighbours stores the texture coordinates on the
textures tetra * of the four neighbouring tetrahedra net,i of each tetrahe-
dron t. These texture coordinates are also stored in the RG channels. The
z offset in both textures represents the four vertices/neighbouring tetrahe-
dra. The B channel of tetra vertices is used to store the scalar value st,i
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attached to each vertex vt,i of the tetrahedron t, whilst the B channel of
tetra neighbours holds the local index ft,i; 0 ≤ ft,i ≤ 3 of the faces of the
tetrahedron. Face ft,i is opposite to vertex vt,i. We will denote by vt,i the
position in space of vertex vt,i and by nt,i the normal of face ft,i.

The basic implementation of the raytracer on the GPU begins with the ren-
dering of the front faces of the volume to generate the fragments that will
represent the casted rays. Using per-fragment interpolated attributes we pass
to a fragment program the direction of the casted ray, the texture coordinates
in textures tetra * of the entry tetrahedron, and the local index of the entry
face.

The ray traversal is implemented in previous works using multiple passes,
calculating in each pass the contribution of the current tetrahedron, finding the
new tetrahedron intersected by the casted ray, and writing the partial results
and states to working textures. Early ray termination was implemented by
means of an additional pass and performing pixel tests, e.g occlusion queries.

The advent of the NV fragment program2 with the support to full braching
inside a fragment program, eliminates the need for multiple passes. The ray-
casting algorithm fits nicely to the new looping capabilities. The limit of 255
loops within a LOOP or REP instruction is easily overcome using nested loops.
Avoiding the render-to-texture operations and multiple rasterizations needed
to implement the multipass raycaster, increases the number of frames per
second obtained. Early ray termination is also easily included into the imple-
mentation by means of a BRK instruction. Thus ray traversal is implemented
stepping from tetrahedron to tetrahedron in the direction of the casted ray.

Normal and gradient information is necessary during ray traversal in order to
compute intersections of the ray with the faces of the tetrahedra and to inter-
polate the scalar value at any point within the tetrahedra. This information is
stored in five 2D textures tetra gradients and tetra normalsi; i = 0, 1, 2, 3
of the same size as textures tetra vertices and tetra neighbours.

Textures tetra normalsi, store the normals nt,i for each face ft,i, whilst tex-
ture tetra gradients holds the gradient information used to find the scalar
value at any point within a tetrahedron from the scalar values stored at the
vertices. Using barycentric interpolation, where the interpolation weights are
given as normalized distances from the opposite faces, the scalar value s(x) at
any point x within a tetrahedron t is calculated as:

s(x) =
3∑

i=0

wist,i, wi =
nt,i · (x − vt,3−i)

nt,i · (vt,i − vt,3−i)
(11)

However, given the constant gradient gt within a tetrahedron, we can calculate
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s(x) as:

s(x) = gt · (x − vt,0) + st,0 = gt · x − gt · vt,0 + st,0 (12)

which means that the interpolation of a scalar at any point within a tetrahe-
dron can be computed with the dot product of the coordinates of the point
and the gradient gt plus a constant ĝt = −gt · vt,0 + st,0. Therefore, we store
gt and ĝt in the texture tetra gradients.

During ray traversal we calculate the exit point of the ray for the current
tetrahedron as described in [26]. Given the eye point e, and the normalized
direction r of the ray, we determine the exit face taking the smaller λt,i =
(vt,3−i−e)·nt,i

r·nt,i
of the non-visible faces of the tetrahedron. A face is visible if

r · nt,i < 0. Given the smaller λt,i, the exit face will be ft,i, and the exit point
x is computed as x = e +λt,ir. Point x becomes the entry point for the next
step in the ray traversal.

Given the entry and exit points, we calculate the scalar values at those points
as in Equation 12, and the distance d between them. These three parameters
are then used to perform a lookup in a 3D pre-integrated table [28], calculated
using incremental pre-integration as in the work by Weiler et al. [26]. The
associated color C̃k and opacity αk resulting from the lookup are then used to
accumulate the contribution of the tetrahedron to the ray integral as

C̃ ′

k = C̃ ′

k−1 + (1 − α′

k−1)C̃k (13)

α′

k = α′

k−1 + (1 − αk−1)αk

obtaining the approximations C̃ ′

k and α′

k of the ray integral after k iterations.

5.2 Rendering deformable meshes

For deformable meshes we cannot assure the convexity of the tetrahedral mesh,
or the validity of the normals and gradients stored in the textures at the be-
ginning of the simulation. Therefore, we modified the raycasting algorithm to
support non-convex meshes, and introduced two rendering passes after each
simulation step, before the actual raycasting algorithm is used to render the
deformed mesh, one for updating the normals and one for updating the gra-
dients.

To update the normals, we render a polygon generating one fragment per tetra-
hedron, and use the textures positions and tetra vertices as inputs. In the
fragment program, we access the positions vt,i in the texture positions of each
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vertex vt,i of tetrahedron t, using the information stored in tetra vertices.
We then compute the new normals for each face and write the results in four
render buffers, previously attached to textures tetra normalsi. We do not
use a 3D texture of depth 4, as for the vertices, since the current driver im-
plementation of the EXT framebuffer object does not support yet the use
of 3D textures. However, the document describing the extension includes this
functionality as part of the specification. Thus, we expect this support in final
releases of the driver.

Once the new normals are computed, we update the gradients in a further ren-
dering pass, generating a fragment for each tetrahedron. Input to the fragment
program are the textures tetra normals, tetra vertices, and positions.
In each fragment the gradient of the corresponding tetrahedron is calculated
as:

gt =
3∑

i=0

st,i

nt,i · (vt,i − vt,3−i)
nt,i. (14)

and then we calculate ĝt = −gt · vt,0 + st,0 and write both results to texture
tetra gradients.

To handle non-convex meshes we use an idea similar to the one presented by
Weiler et al. [27] for non-convex tetrahedral strips. By means of multiple passes
of the raycasting algorithm, we accumulate the contribution of each “section”
of the volume intersected by a casted ray. In the first pass we only take the
result of the fragment of the closest face intersected by the ray (through the
use of depth tests) and write it to a texture. We store the depth of the entry
fragment and in the next pass we compare it with the depth of the current
fragment. If the depth is less or equal than the stored one, we set the fragment
depth to 1 − depth/10, where depth is the original normalized depth. If the
fragment depth is greater than the one stored, we blend the accumulated color
and opacity of the previous pass with the result of the ray traversal performed
by the fragment and write the new depth for further use in the next pass.
Note that we assume that no entry point will be farther away than 0.9 (in
normalized space).

6 Results and Discussion

In this section we present results regarding the performance of the algorithms
implemented, both on CPU and GPU, when used with different tetrahedral
meshes. All performance measurements were carried out on a standard PC
equipped with an NVIDIA GeForce 6800 Ultra graphics board, a 3.8GHz P4
CPU, and 2GB RAM.
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Table 1 shows the comparative results of the GPU-implementation of the im-
plicit and explicit Euler, as well as the Verlet and velocity Verlet solvers. Com-
putation time for the framebuffer object based and glCopyTexSubImage* based
implementations are given in ms. As we can see, despite the unoptimized im-
plementation of the EXT framebuffer object extension, using framebuffer

objects reports better results in almost all cases. As stated before, a fully opti-
mized support of framebuffer objects is expected in a final realese of NVIDIA’s
drivers. Similar support from other vendors is also expected in the near future.

Mesh size Computation time [ms] (fbo/glCopyTexSubImage*)

Tetra./Vert. Expl. Euler Verlet Veloc. Verlet Impl. Euler

Bar 80/45 0.17/0.96 0.17/1.18 0.18/1.19 3.46/54.25

Machine 4996/1132 0.16/1.46 0.16/1.96 0.16/1.96 2.85/93.40

Dolphin 13766/3990 0.17/3.33 0.17/3.99 0.17/3.99 17.23/14.05

Panda 17312/5199 0.16/4.20 0.16/5.01 0.16/5.01 18.52/18.62

Elephant 24106/6829 0.16/4.81 0.15/5.62 0.15/5.62 29.06/214.07

Knee 112299/19896 0.17/28.94 0.17/29.87 0.17/29.87 104.82/102.36

Foot 156612/24686 0.14/41.43 0.17/41.48 0.17/41.55 40.76/62.22

Table 1
Comparison between the implicit Euler solver and explicit methods implemented on
the GPU. Time is given in ms. for the implementation based on framebuffer objects

and glCopyTexSubImage* respectively.

It is important to remark that with the explicit integration methods, we were
able to use, for a string constant of κs = 3000, a maximum time step of h =
0.001s. With higher string constants or larger time steps, instability occurred.
On the other hand, with the implicit Euler and a time step of h = 0.01s we
found no stability problem using constants greater than κs = 30000. In order
to simulate stiffer systems with the explicit methods, we would have to reduce
the time step to impractical values. On the other hand increasing the time step
in the implicit Euler would lead to faster simulations than explicit methods
for the same string constant.

In Table 2 we present the details of the three major steps of the GPU im-
plementation of the implicit Euler, namely the forming of the linear system,
the Conjugate Gradients algorithm, and the update of x and v. We can see
that our implementation of the Conjugate Gradients is able to solve a linear
system Ax = b, for a matrix A of size 246862, in 34.59 ms (28.91 fps.).

The total time is reproduced again in this table for means of comparison with
the explicit and implicit Euler implemented on the CPU. In some cases, the
CPU implementation of the implicit Euler was not able to solve the equation
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GPU implicit Euler CPU solvers

Linear sys. Conj. Grad. Update Total Expl. Euler Impl. Euler

Bar 0.72 2.63 0.11 3.46 0.71 91.37

Machine 0.71 2.03 0.11 2.85 28.26 47886.2

Dolphin 0.73 15.39 0.11 17.23 90.13 *

Panda 0.84 17.57 0.11 18.52 118.28 *

Elephant 1.10 27.85 0.11 29.06 159.85 *

Knee 11.66 93.05 0.11 104.82 4271.77 *

Foot 6.14 34.59 0.13 40.76 5839.39 *

* maximum response time exceeded.

Table 2
Computation time in detail of the GPU-based implementation with framebuffer

objects of the implicit Euler compared to CPU versions of the explicit and implicit
Euler. Time is given in ms.

before the program was aborted due to exceeded time without response. In
debugging mode, the program solved the linear system sucessfully, but the
processing time was considerably increased by the debugging operations. Thus,
we opted for not presenting those biased results here.

Update gradients and normals Raycasting

FBO glCopyTexSubImage* FBO glCopyTexSubImage*

Bar 0.16 1.70 0.32 0.22

Machine 0.16 62.93 1.19 0.65

Dolphin 0.16 172.10 99.23 1971.92

Panda 0.16 215.98 68.17 862.73

Elephant 0.16 300.45 323.22 6369.22

Knee 0.16 2015.73 398.04 7002.56

Foot 0.16 1943.93 0.84 1.12

Table 3
Computation time in ms. of the gradients and normals update and the raycasting
processes, using framebuffer objects and glCopyTexSubImage*.

Table 3 shows the computation times in ms. of the update gradients and nor-
mals process and the raycasting. We see a decrease in the processing time for
the Foot dataset, although the data set contains more than 150000 tetrahedra.
This is due to the fact that the data set is thin and elongated. Thus viewing
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the tetrahedra in the direction of the smaller dimension, leads to fewer loops
in the fragment program; i.e., fewer tetrahedra are intersected by each ray.

For our two largest datasets, Foot (156612 tetrahedra) and Knee (112299
tetrahedra), we obtained frames rates of 1190.5 fps. and 2.51 fps. respectively,
whilst Weiler et al. [26] obtained for meshes of similar sizes (148955 and 124152
tetrahedra) frames rates of 5.13 fps. and 2.27 fps. respectively. Thus, we can
state that our results outperform those presented by Weiler et al.

Comparing our results of the simulation processing time, with those reported
by Georgii et al. [23], we find that our implementations of the explicit methods
outperform their implementation of the Verlet solver. For a mesh with 84104
tetrahedra they attain a performance of 121 fps., whilst even with the use of the
quite more expensive raytracing (compared to surface rendering algorithms),
we obtain a total processing time of 1.17 ms, meaning 877.20 fps., for the Foot
dataset (156612 tetrahedra).

The largest time step they were able to use is h = 0.004. As we discussed
before, the implicit method could achieve similar simulation times, by setting
larger time steps, while ensuring stability. Comparing our results of the implicit
Euler for the dataset Foot containing 156612 tetrahedra (40.76 ms. of inte-
gration, gradients and normal update, and raycasting time) with the results
of the largest mesh Georgii et al. used, containing 84104 tetrahedra (8.26 ms.
of integration and rendering time), we could state that our approach outper-
forms the simulation time of their solver, when using a time step of h = 0.04,
in a factor of 2.03. However, the main advantage of our solver over theirs is
the stability of the simulation for stiff equations.

Fig. 4. Original and deformed mesh of the Foot dataset. A detail on a finger is
shown in the upper link corner of each image.

Figures 4 and 5 show volumetric renderings of the Knee and Foot datasets for
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the original and a deformed state. The insight gained from the volume render-
ing of the deformed mesh is an important result of our work. The application
of this integrated deformation-visualization simulator to medicine would bring
new possibilities for the pre-operative planning and surgical training.

In these figures we can appreciate the deformation of the inner structures in
both tetrahedral meshes. As we can see, the images generated are of high
quality, considering the rough fitting of the tetrahedral meshes to the volume
data.

To perform the deformations shown in Figures 4 and 5, we used a uniform κs

constant over the entire meshes. However, local material properties could be
adjusted as stated in Section 4, storing in texture neighbourhood a specific
constant for each particle. Right now, we are incorporating a transfer-function-
driven mechanismus to specify the parameter κs for each particle by means of
a lookup performed using the intensity values associated to the vertices.

Fig. 5. Original and deformed mesh of the Knee dataset.

7 Conclusion

We have presented a GPU-based implementation of a simulation system for
deformable bodies, exploiting the new general purpose programming capabil-
ities of graphics hardware. Our approach integrates the simulation and visu-
alization stages for deformable tetrahedral volumes, focussing on applications
where the visualization of inner information, stored as intensity values at the
vertices of the mesh, is a key issue.

Since stability and response at interactive frame rates are main goals of many
applications, ranging from computer animation to medicine, our concern was
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to develop a stable yet fast simulator. The fact that our simulator is based on
an implicit solver, ensures the stability of the simulation process, whilst the
application of the most recent extensions available for commodity graphics
hardware allowed us to achive the high performance required to present useful
feedback to the user.

We described the implementation of the implicit solver in detail and proposed
a single-pass raycaster. We also presented the modifications that must be
performed on the raycaster in order to support the rendering of deformable
volumes direct from the results of each simulation step.

Our tests show satisfactory performance results for meshes of even hundreds
of thousands of tetrahedra, and the rendering quality demonstrated by our
raycaster is the same as the one achieved with previous multi-pass implemen-
tations for tetrahedral meshes, whilst offering higher interactive frame rates.
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conjugate gradients and multigrid, ACM Transactions on Graphcis 22 (3) (2003)
917–924.
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