Being averaged for smaller «
Since G is averaged with respect to « there exists a nonexpansive operator R such that G = ol +
(1 - a)R. We find
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Composition of averaged operators

Let G1 = aq I+ (1 — a1)Ry and Go = asl + (1 — az) Ry for nonexpansive operators Ry and Ry. Then
G2(G1)(u) = a2G1(u) + (1 — a2) Ra(G1(u))
= 10U + 042(1 — Oél)Rl(U) + (1 — Otg)Rz(Gl(u))
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= aqasu+ (1 —a1a2)< RQ(Gl(u))>.
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Since the concatenation of nonexpansive operators is nonexpansive, and convex combinations of nonex-

pansive operators are nonexpansive, we conclude that G5 o G is averaged.

Firmly nonexpansive operators are averaged operators with o = 1/2

First, let G be averaged with o = 1/2, i.e. let G = %I + %R for some nonexpansive operator R, i.e.
let 2G — I be nonexpansive. We find

lu—vl3 > |R(u) = R)|* = [|12G (u) — 2G(v) — (u — v)||?
= 4G(u) = GO)* = H{G(u) = G(v),u = v) + u = v||?,

which implies (G(u) — G(v),u —v) > ||G(u) — G(v)||3 and shows that G is firmly nonexpansive.
Second, let G be firmly nonexpansive, then

12G(u) = 2G(v) — (u—)|* = 4|G(w) = G)|* = HG(u) — G(v),u—v) + |lu— o]

< flu— ol

which shows that R := 2G — I is nonexpansive, i.e. G is averaged with o = 1/2.



