Differentiable functions and Lipschitz continuity
Clarify the multivariate meaning of ||V E(u)]|| for Lipschitz continuous functions.

First assume |VE(z)|/ g < L for all z. Note that according to our notation VE(z) is
the transpose of the Jacobian JE(z). In particular, |[VE(2)| g = [|[JE(x)| gec. Let

9(t) = (E(z) — E(y), E(tx + (1 = t)y).

Using the mean value theorem and Cauchy-Schwarz inequality, we have

|E(z) — E(y)|z = g(1) — g(0) = ¢'(¢)

(1)
= (E(z) — E(y), JE (§x + (1 = §y) (z — y)) (2)
<|E(z) — E@)|y IVE (§z + (1 = &y) (x — y)ll, (3)
<|E(@) = E@y ITE €z + (1 =yl 7 = yll, (4)
<|E(@) = EWly Lz —yl,- (5)

Hence E(x) has Lipschitz constant L.
Now assume that E has Lipschitz constant L. Then we have

1T E(@)vll, = lim (1/h) [E(z + hv) — B(z)|l, < lim (1/h)L[[holl, = Lifvfl, . (6)

=1
h—0
Taking the supremum on both sides yields the desired result:

IVE@)llsn = sup [|VE(@)vll, < sup L]l = L. (7)

vl =1 l[oll;=1

Convergence of gradient descent for twice continuously differentiable L-smooth

m-strongly convex functions

Define
G-(u) =u—71VE(u).

It holds that
1G-(u) = G- (v)]|2 = lu —vT(VE(u) — VE(v))|l2

Now by the mean value theorem (i.e. the same trick as above), it holds that there exists
a z (which is some convex combination of u and v) such that

VE(u) — VE(v) = V?E(2)(u —v).
We find

G+ (u) = G- (v)ll2 = lu = vTVZE(2)(u — v)]5
= (1 = 7VE(2))(u — v)]l2
< | =7VEE(2) |5l (uw = v)]]2-



Since F is L-smooth the eigenvalues of the Hessian are bounded from above by L. Since
Since E is m-strongly convex the eigenvalues of the Hessian are bounded from below by
m. Therefore it holds that

I — TVQE(Z)HSoo < max{|l — 7L|,|1 — tm|},

and for 7 €]0, 2[ we find that G, is a contraction. Note that the contraction coefficient

becomes minimal for 7 = LL
+m



