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Signal Representation
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How do we represent signals?

Continuous: Functions

f:la,p] = R

Discrete: Vectors f ¢ R"

One typically interprets/relates:

x,-:a+(i—1)-n forie{1,---,n}.

Basics and necessary
tools

Michael Moeller

Visual

Scene
Analysis

Variational methods
An example

Understanding
ill-posedness

Optimality conditions
Discrete case
Continuous case

Optimization
Linear systems
Images are discontinuous.

The gradient descent
algorithm

updated 27.10.2016



How do we represent images? G s
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The points Xx; ; at which the continuous function f is sampled to
obtain its discrete representation are called pixels.
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Many more types of image data G s
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Many more types of image data
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Many more types of image data

f:(QxMNCcR®—R3

E.g. color videos.
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More types of discretization

Besides the discretization of the domain Q2
f:Q—=R — fe{xi1, , Xam}—R
digital images may also have a discrete range, e.g.,
f:{x11, ,Xamt — {0,--- ,255}

for an 8 — bit quantization.
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Variational Methods
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Variational methods
Define an energy E on continuous images, i.e.,
E:X —>RU{o0} (1)

from a suitable space X of images (typically a Banach space)
to the extended real numbers, such that

¢ u with desirable properties — E(u) small,

o unrealistic/’bad” u — E(u) large.

If X is a function space (continuous formulation of images),
then E is a function that maps functions to real numbers. We
call E a functional.

For X being a function space, determining the solution of an
imaging problem by determining

& = argmin E(u),
u

is called a variational method.
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Calculus of variation

Analyzing variational methods

U = argmin E(u),
u

in terms of existence, uniqueness, optimality conditions and
properties of the solution can be mathematically challenging
and requires functional analysis.

We will
¢ Often formulate energies in a continuous setting.
o Not require prior knowledge in functional analysis.

e Occasionally do some analysis in infinite
dimensions/function spaces.

o Often turn to a discrete point of view and use analysis
instead of functional analysis.
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Basics and necessary

A simple example tools
Michael Moeller

Let us consider a simple example:
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.l == Unknown noise-free signal | y
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1L representations
Variational methods
0.5 Understanding
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Optimization
051 Linear systems
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The gradient descent
-1r algorithm
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How can we reduce the noise?
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A simple example

The denoised signal should still look somewhat similar to the

input data. But how should we measure similarity? Simple
choice:

1
Hr(u) = /O (u(x) = f(x))? dx =: [|lu — f[}3.

The denoised signal should be smoother, i.e., contain less
oscillations. We need a regularization R that penalizes rapid
changes of the signal! Simple choice:

1
R(u)—/o (Bxu(x))? dx = [|Oyul3.

Overall variational method:

0 = argmin Hy(u) + aR(u).
u
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A simple example
Result of
U = argmin ||u — f||3 + 10 - ||Oxul|3
u

== Unknown noise-free signal| |
=—Recorded noisy signal
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A simple example

For the computation I, of course, discretized

= argmin ||u — f||3 + 10 - ||Oxu)3
u

and used

R" 5 & = argmin
ueRr”n

Z( — )2 +10- Z

i=1
= argmin |ju — f||2 +10- HDu||2,
ueRrn
with the discrete derivative matrix

-1 1

—1 1
Rnf1><n 5D=

- Ul—1

7
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Why care about a continuous representation?

For our simple example, we had two formulations:

Continuous:

1 = argmin /1(u(x) — f(x))? dx + a/1 (Byu(x))? dx
0 0

u

Discrete:

Why should we care about a continuous formulation

at all, if the computer can only compute discrete
solutions anyways?
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Reasons for variational methods (continuous formulation)

1. Beautifully concise formulation.
2. Independence of the discretization.

3. Some effects can only be explained in a continuous setting!
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algorithm

Time '12:44:12 '12:44:13’ '12:44:15°
Latitude 39.974408918 | 39.974397078 | 39.973982524
Longitude | 116.30352210 | 116.30352693 | 116.30362184
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updated 27.10.2016



Differentiation Basics and necessary
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What went wrong?

Something makes the problem of differentiation nasty...

Definition (Well-posed problems (Hadamard))

A problem is well-posed if the following three properties hold.
@ Existence: For all suitable data, a solution exists.
® Uniqueness: For all suitable data, the solution is unique.
@ Stability: The solution depends continuously on the data.

Definition (lll-posed problems)

A problem that violates any of the three properties of
well-posedness is called an ill-posed problem.
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Stability?

What does stability really mean?

Continuous dependence on the data

Let f be the measured data, and /(f) the operation of
recovering our desired solution (assuming existence and
uniqueness).

We say that the solution depends continuously on the data if
for any f = f + n? with ||| < § it holds that || /(f) — I(f°)|| — O
as 6 — 0. In other words, / is continuous.
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Differentiation is ill-posed

Computation on the board:

lll-posedness of differentiation

For f, % € C'([0, 1]), although the error in the data
If =) <é

is arbitrary small, the error between the derivatives
[0xf — 05 F°||

can be arbitrary large!

We understood the behavior in the continuous setting, i.e.
independent of the discretization. What can we do?

— Variational Methods!
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Variational methods can fight ill-posedness

We will prove the following result:
Proposition

Let f € C2([0, 1]) be twice continuously differentiable. If we
determine

u® = argmin ||u — 0| + a - ||0xull?,
u

subject to u(0) = u(1) = 0, then there is a parameter choice
rule « = a(0) such that

185U — By f| °=° 0.
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Why not discrete?

Discrete (=finite dimensional) linear inverse problems never
violate the criterion of "continuous dependence on the data”!

Let

be the finite difference matrix. Then

lim Df° = D <Iim f5) = Df,
§—0 —0
since matrices are continuous operators. This holds for any

matrix D.

— The discrete problem is not ill-posed!
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An imaging example for ill-posedness T
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An imaging example for ill-posedness

il

Reconstruction by F~1(F(f)
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Summary

Variational methods

& = argmin Hi(u) + o R(u)
u \v/ VI X \-\’/
data term regularization  reqyarization
parameter

Many practical problems do not depend on the data
continuously, they are ill-posed!

Seen for the example of taking the derivative: Vartiational
methods can stabilize such problems.

Besides a more concise formulation, the effect of ill-posedness
could only be explained in function spaces.

— Let us investigate variational methods in more detail!
What are optimality conditions?
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Analysis |
Let us start with the simple (discrete) case:

n n
U = argmin Z(Ui —f)P+a- Z(Ui — Uj1)?

UERT i i=2
What is a necessary condition for optimality?
The gradient with respect to u is zero, i.e.,
0=2(u; — fy) + 2a(u; — Uj_1) + 2a(U; — Ujy1),
=1+ 2a)u; — atj_1 — auj 1 = f,
forallie {1,---,n} with up = vy and Up1 = Up.

Linear system with n equations and n unknowns.

Sufficient condition?
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Sufficient condition for optimality

Definition: Convexity

We call E : R” — R a convex function if for all u, v € C and all
6 € [0, 1] it holds that

E(0u+ (1 —0)v) < 0E(u) + (1 — 0)E(v)

We call E strictly convex, if the inequality is strict for all
6 €]0,1[, and v # u.

Theorem

Let E:R"” — R € C'(R") be a convex function. Then
VE(&) = 0 implies that & is a global minimizer of E.

Proof: Exercise sheet 1.
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Calculus of Variation

What about the continuous case?

Let us start with our simple denoising example

u® =argmin E(u) with E(u) = ||[u—F|? + a- ||0xul?,
ueH} ()
()

Board: Let us work with the idea that
E(u*) < E(u* +¢h)

for arbitrary numbers ¢ € R and arbitrary functions h € H} ().
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Calculus of Variation
We use

Fundamental Lemma of Calculus of Variation

If a pair of continuous functions g, v on an interval |a, b] meet

/b g(x)h(x) + v(x)oxh(x) dx =0

for all compactly supported smooth functions hon ]a, b[, then v
is differentiable, and oxv = g.

to show that the solution to (2) meets

0=u*—f— alxu®!
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Continuous case and Euler-Lagrange equations

Is there a systematic concept behind this?

Euler-Lagrange Equations

Let p: R” x R x R” — R be a differentiable function with three
arguments, p(x, v, z), and consider the problem

be argmin/ p(x, u(x), Vu(x)) dx.
u Q

Then & satisfies the Euler-Lagrange Equations

<ZC — Vix- Vzp) (x,0(x),Va(x)) =0 Vx.
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Further considerations

Sulfficient conditions for global optimality?

¢ Depending on the boundary conditions of u, one can get
an additional condition.

e To go from a critical point to a global minimum one again
needs convexity.

Euler-Lagrange equations are typically too restrictive for
variational problems in computer vision since they require p to
be differentiable. A less restrictive analysis is based on
subgradients.

We will not detail this continuous analysis too much. Funny
things can happen in infininte dimensions which makes the
analysis more complicated.
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Further considerations
We have seen that the solution to

meets

u® = argmin ||u — °|12 + a - ||0xul?,
ueHI(Q)

0=u*—f— alxu®!

Now we can prove our previous claim:

Proposition

Let f € C2([0, 1]) be twice continuously differentiable. If we

determine

subject to u(0) = u(1) = 0, then there is a parameter choice

u® = argmin ||u — 0| + a - ||0xull?,
u

rule « = a(0) such that

10xu® — 8 f]| °3° 0.
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Short repetition:
OnlineTED
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Simple Optimization
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Discrete energy minimization only!

We will leave the continuous point-of-view for a while.

Consider

in £

for E: R" — R.

Strategy: Compute VE(u)

¢ Can we solve VE(u) = 0 for u directly?

¢ If not, apply gradient descent algorithm as presented in
the following slides.
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Example for solvable VE(u) =0
Remember our quadratic /2-denoising problem

o = argmin|ju — f||?> + « - | Du|)?,
u

for a discrete derivative matrix D.

We have shown in the exercises that the optimality condition to
such a problem is

0=10—f+aD"Dy,
= b= (+aD"D)7'f.
Numerical methods
e Jacobi method
e Gauss-Seidel method
e Successive overrelaxation (SOR)
e Conjugate gradient (CG)

We won'’t detail the math. Use backslash or pcg in MATLAB.
Make sure you declared (/ + oD D) to be sparse!
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pcg

Why do we need to go beyond quadratic />-denoising?

We got good denoising results in 1d:

2

151

051

-0.51

== Unknown noise-free signal |
= Recorded noisy signal
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Why do we need to go beyond quadratic isi S
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Why do we need to go beyond quadratic ¢>-denoising? R
What went wrong?

Michael Moeller

Images are not continuous! Edges are extremely important Visual
for visual impression!
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Why does quadratic />-denoising oversmooth edges?
Going in several small steps is cheaper than one large step!

Assume we need to go from 0 to 1 in 10 steps. We penalize

10
E(u)=> |uir — uf?
i=1

andfix uy =0, uy1 = 1.

10 equal steps:

10
11
— 2_10- =
E(u)f§i:1:(1/10) =10 255 = 7o-

1 big step
E(u) = Z 02+1=1.

i=1,i#5

It is 10 times more expensive to take one big step!!
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Any idea on how to fix it?

Use
10
E(u) = |uir1 — ujl
i=1
instead!

The costs will be 1 for any monotonically increasing u!! The
data term will decide if one needs a jump!

2 T T T T T T T T T

== Unknown noise-free signal |
=—Recorded noisy signal

-1.51 T

0 01 02 03 04 05 06 07 08 09 1
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What is the optimality condition now? b o
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The ¢! norm is not differentiable! What can we do? LT

ill-posedness
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While there are ways to handle the discontinuity, we will simply contnuous case
SmOOth the £1 norm by Optimization
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The gradient descent
m g

S(d)=Y" \/ﬁ ’

i=1
and consider
min ||u — fl12 + o S.(Du).
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What about the optimization now? G s

tools

What is the optimality condition for Michael Moeller
min ||u — f||2 + o S.(Du)? Visual
“ Scene

Analysis

Chain rule Signals, images,
representations

Let J : R™ — R be differentiable and A € R™*". Then

Variational methods
An example

Understandi
V(Jo A)(u) = ATVJ(Au). T
Optimality conditions
Discrete case

Therefore, we find the optimality condition e
Optimization
Linear systems

0 = 2(0 - f) + OzDTVS(DLAJ) The gradient descent
(D0)1 algorithm
\/+(Diy?
=2(U—f)+aD’ -
(D)1
e2+(DU)?_,
We will not be able to solve this in closed form!
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Gradient descent algorithm

Idea: For minimizing the energy E, move into the direction of

steepest descent

Ut = uF — TRV E(UR).

(u*, E(u"))

(Uk+1 , E(uk+1 ))

(Uk+2, E( uk+2))

Basics and necessary
tools

Michael Moeller

Visual

Scene
Analysis

Signals, images,
representations

Variational methods
An example

Understanding
ill-posedness

Optimality conditions
Discrete case
Continuous case

Optimization

Linear systems
Images are discontinuous
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Gradient descent algorithm s and necessary

tools

Michael Moeller

Gradient descent with backtracking line seach Visual

Pick « €]0,0.5[ and 3 €]0, 1][. lterate: Scene
Analysis

« Given an estimate u*, compute E(u¥) and VE(u¥).

Signals, images,

e |nitialize Tk = 7'0_ representations

Variational methods
An example

e Find a good 7 by:

Understanding
ill-posedness

test k k Optimality conditions
u®st = u" — 7 VE(U") [
2 Continuous case
while E (u™®") > E(u*) — ary || VE(U¥) Optimization
Linear systems
Images are discontinuous
Tk < BTk

end

e Once 7F meets the criterion in the while-loop, update

uk+1 _ utest.
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Gradient descent algorithm

Practical considerations:

e Guessing good values for a and g is often difficult and
requires some problem-specific fine-tuning.

e Stopping criteria could be based on ||uf — uk+'|| < e or
[VE(U9) <e.

¢ In practice one should definitely also define a maximum
number of iterations.

o Allow the user to specify a starting point. Good guesses
on the solution can improve the speed of convergence
significantly!
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