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Motivation

We do not have a method to solve problems of the form

although the proximal mapping of the ¢'-norm is easy to

compute.

min [lu~ fl+ + | Dul;
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We do not have a method to solve problems of the form
min [lu — flly + /[ Dul;

although the proximal mapping of the ¢'-norm is easy to
compute.

Can we build an algorithm around

min max G(u) + {p, Ku) — F*(p)?

u
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Motivation

We do not have a method to solve problems of the form
min [|u — flls + o[ Duf|s

although the proximal mapping of the ¢'-norm is easy to
compute.

Can we build an algorithm around

min max G(u) + {p, Ku) — F*(p)?

u

Proximal mapping as implicit gradient descent
Interesting observation for differentiable E:

Ut = prox, g(u¥) = U = Uk — TVE(UFY)

The proximal mapping does an implicit gradient step!
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Primal-Dual Methods

The primal-dual hybrid gradient algorithm
Michael Moeller
Let us define
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The primal-dual hybrid gradient algorithm
Let us define
PD(u, p) := G(u) + (p, Ku) — F*(p)
and try to alternate implicit accent steps in p with implicit
descent steps in u:
Pt = prOX—aPD(uk,‘)(Pk)

k1 _ K
Ut = prox pp. gty (U°)
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The primal-dual hybrid gradient algorithm
Let us define
PD(u, p) := G(u) + (p, Ku) — F*(p)
and try to alternate implicit accent steps in p with implicit
descent steps in u:
Pt = prOX—aPD(uk,‘)(Pk)

k1 _ K
Ut = prox pp. gty (U°)

One finds

k

p! ZprOX—aPD(uk,~)(Pk)»

1 X
=argmin 51p PP + o F*(p) — o (KU, p)
~ argmin Jlo — p* — oKu¥|2 + oF*(p)
[

=prox, g (p* + o Ku®)
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The primal-dual hybrid gradient algorithm
Let us define

PD(u,p) := G(u) + (p, Ku) — F*(p)

and try to alternate implicit accent steps in p with implicit
descent steps in u:

K1 = prox, - (0" + o Ku¥)

o

uk+1

ProX; pp(. pr+1y (u)

Primal-Dual Methods

Michael Moeller

Computer

Vision

The PPA and convergence
analysis

Applications of PDHG

Modifications

Generalizations
Diagonal preconditioning

ADMM

Useful tools
Stopping criteria

Adaptive stepsizes

Applications and
extensions

from 21.06.2019, slide 5/ 66



The primal-dual hybrid gradient algorithm
Let us define

PD(u,p) := G(u) + (p, Ku) — F*(p)

and try to alternate implicit accent steps in p with implicit
descent steps in u:

K1 = prox, - (0" + o Ku¥)

o

uk+1

ProX; pp(. pr+1y (u)

One finds
Ukt :proxTPD(_,pm)(uk),
1
=argmin §||u — k)2 + G(u) + (Ku, p)
u
1
=argmin §||u — U+ 7K "2 + 7G(u)
u

—prox, (U — TK*pk*")
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Primal-dual hybrid gradient method

We found

o
u

k

k

1 = prox, g (p* + oKU),

1 = prox, g(uk — TK*p*).
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Primal-dual hybrid gradient method
We found

P! = prox, g. (p* + oKU),

Ukt = prox, g(uk — TK* k).

One should make one (currently unintuitive) modification:

PDHG

We will call the iteration
P! = prox, g. (p* + oKTX),
Ukt = prox, g(uf — TK* P,

Dk+1 _ 2UK+1 . Uk.

(PDHG)

the Primal-Dual Hybrid Gradient Method. As we will see, it

converges if To < MZ-

Primal-Dual Methods

Michael Moeller

Computer

Vision

The PPA and convergence
analysis

Applications of PDHG

Modifications

Generalizations
Diagonal preconditioning

ADMM

Useful tools
Stopping criteria

Adaptive stepsizes

Applications and
extensions

from 21.06.2019, slide 6/ 66



References for PDHG

PDHG is commonly referred to as the Chambolle and Pock
algorithm. Nevertheless, several authors contributed to the
development. PDHG can be also be derived as a
preconditioned version of a classical method (more later).

Here is a (likely imcomplete) list of relevant papers:

¢ Pock, Cremers, Bischof, Chambolle, A convex relaxation
approach for computing minimal partitions.

¢ Esser, Zhang, Chan, A General Framework for a Class of
First Order Primal-Dual Algorithms for Convex
Optimization in Imaging Science.

e Chambolle, Pock, A first-order primal-dual algorithm for
convex problems with applications to imaging.

¢ Zhang, Burger Osher, A unified primal-dual algorithm
framework based on Bregman iteration.
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Understanding PDHG

Why does PDHG work?
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Understanding PDHG

Why does PDHG work?

1. Sanity check: If the algorithm converges, we found a

minimizer!
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Understanding PDHG

Why does PDHG work?

1. Sanity check: If the algorithm converges, we found a

minimizer!

2. Why does PDHG converge? Computation on the board:

o)

oG KT

=T

uk+1
K OF* pk+1
N—————

1
K

=M

_KT

F )

1

)

uk+1 _ uk

pk+1 _ pk

for the set-valued operator T : R” x R” — P(R") x P(R")

T(2) = <

forz = (u;

p)-

{KTp} + 0G(u)
OF*(p) - {Ku}

)

)
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Fixed point iteration

We found the optimality condition
0c TZK1 4 M2k — Z9)

for a set-valued operator T and a matrix M.
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Fixed point iteration

We found the optimality condition
0c TZK 4 M(ZF+T —

for a set-valued operator T and a matrix M. Let us define the
process of computing the next iterate as the resolvent

2K = (M + T)~"(MZ5).
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Fixed point iteration

We found the optimality condition
0c TZK1 4 M2k — Z9)

for a set-valued operator T and a matrix M. Let us define the
process of computing the next iterate as the resolvent

2K = (M + T)~"(MZ). (CPPA)
We already know one example of an iteration of the same form,
Ut = proxg(uf) = (1 + 70E) " (UF)

the proximal point algorithm.
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Fixed point iteration

We found the optimality condition
0c TZK1 4 M2k — Z9)

for a set-valued operator T and a matrix M. Let us define the
process of computing the next iterate as the resolvent

X = (M4 T)" ' (MZF). (CPPA)

We already know one example of an iteration of the same form,
Ut = proxg(uf) = (1 + 70E) " (UF)
the proximal point algorithm.

The update (CPPA) is structurally very similar, so we can for
the same tools to help us with the convergence analysis. We
will call it a customized proximal point algorithm (CPPA).
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Convergence of the CPPA

Remember what we did for the proximal gradient algorithm?
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Convergence of the CPPA

Remember what we did for the proximal gradient algorithm?

— Show that proxg = (I + 70E)~" is firmly nonexpansive, i.e.
averaged with o = 1/2.
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Convergence of the CPPA

Remember what we did for the proximal gradient algorithm?

— Show that proxg = (I + 70E)~" is firmly nonexpansive, i.e.

averaged with o = 1/2.

Remember what the crucial inequality was?
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Convergence of the CPPA

Remember what we did for the proximal gradient algorithm?

— Show that proxg = (I + 70E)~" is firmly nonexpansive, i.e.

averaged with o = 1/2.

Remember what the crucial inequality was?
(Pu—pv,u—v)>0  Vu,v,p, € IE(u),py € IE(V)

This can be generalized!

Monotone Operator
A set valued operator T is called monotone if the inequality

(bu—pv,u—v)>0

holds for all u, v, p, € T(u) and p, € T(v).
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Primal-Dual Methods

Convergence of the CPPA

Michael Moeller

Computer
This has the potential to show convergence of
Vision

k+1 k+1 k
0e T(Z) + 21 — 2K, (PPA) .
provided that the above iteration is well-defined, i.e. the H
resolvent (/ + T)~'(z) is defined for any z € R". This is a Modications

technical issue which can be resolved by considering maximal Generalizations
Diagonal preconditioning

monotone operators. In the settings we are considering, this is ADMM
nOt an ISSUG Useful tools

Stopping criteria

Adaptive stepsizes

Convergence proximal point algorithm R —
Let T be a maximal monotone operator, and let there exist a z exensions
such that 0 € T(z). Then the (generalized) proximal point

algorithm (PPA) converges to a point Z with 0 € T(2).
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Primal-Dual Methods

Convergence of the CPPA
But we wrote the PDHG algorithm as

Computer
0 T(ZK) + M+ — M2k, (CPPA) | \/ision

i.e. with an additional matrix M. PDHG

Applications of PDHG

Michael Moeller

Idea: For symmetric positive definite matrices, write M = LT L

and rewrite (CPPA) as Modifications
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0c LfTTLf‘I (Ck+1) + Ck+1 _ Ck’ (CPPA) ;):;o’\:alpvecondiﬂoning

. k k Useful tools
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Primal-Dual Methods

Convergence of the CPPA

Michael Moeller

But we wrote the PDHG algorithm as

Computer
0 T(ZK) + M+ — M2k, (CPPA) | \/ision

i.e. with an additional matrix M. PDHG

Applications of PDHG

Idea: For symmetric positive definite matrices, write M = LT L

and rewrite (CPPA) as Modifications
Generalizations
(= LfTTL71 (Ck+1) + Ck+1 _ <k’ (CPPA) Diagonal preconditioning

ADMM

with ¢ = Lz¥, and Useful tools

Stopping criteria

Adaptive stepsizes

LiTTL?‘I(C) = {q e Rn ‘ q = LiTP? p e T(L71<)} Applications and

extensions

Lemma

If T is monotone, then L=7 TL=" is monotone, too.
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Convergence conclusions CPPA

Convergence CPPA

Let T be a maximally monotone operator. Let there exist a z
such that 0 € T(z), and let the matrix M be symmetric positive
definite. Then the customized proximal point algorithm

2K = (M 4 T)~ " (MZ¥)

converges to a z with 0 € T(z).
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Primal-Dual Methods

Convergence conclusions PDHG

Michael Moeller
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P! = prox, g. (p* + oK (2uX — u* 1)), (PDHG) Vision
Uk+1 = prOXTG(Uk - TK*pk+1 )’ PDHG

can be rewritten (after an index shift) as _
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Convergence conclusions PDHG
The primal-dual hybrid gradient method

Primal-Dual Methods

Michael Moeller

Computer
P = prox, g (0 + oK (2u* — u*7 1)), (PDHG) Vision
U = prox, g(uf — TK*pf ),
PDHG
can be rewritten (after an index shift) as _
Applications of PDHG
T k+1 l B T k+1 N k Modifications
O c aG K . uk+1 —+ T / 1,( Uk+1 uk . Generalizations
O _K aF p _K El p - p Diagonal preconditioning
N—— N———— ADMM
=T =M Useful tools
Stopping criteria
Adaptive stepsizes
Convergence PDHG -
Applications and
The operator T is maximally monotone. For 7o < HKHZ the eensions

matrix M in the PDHG algorithm is positive definite. Hence,

PDHG converges.

(Assuming F and G to be proper, closed, and convex, assuming there is a
u € ri(G) such that Ku € ri(F), and assuming the existence of a minimizer).
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ROF Denoising

1

5llu—fl? + o[ Kull

min P(u) = muin

with K being a discretization of the multichannel gradient
operator.
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ROF Denoising

1
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min P(u) = ijn

with K being a discretization of the multichannel gradient
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ROF Denoising
We write

) ) 1
min P(u) = min mgx EHU — f||2 + (KU, p) = .o <a(P)-

The (PDHQG) updates are
P = prox, g (P + oKT")

Ukt = prox, g(uk — TK* k),
Uk+1 _ 2uk+1 . Uk.
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ROF Denoising

We wri

) ) 1
min P(u) = min ml?x EHU — f||2 + (KU, p) = .o <a(P)-

te

The (PDHQG) updates are

P = prox, g (P + oKT")
Ukt = prox, g(uk — TK* k),
Dk+1 _ 2uk+1 . Uk.

which in this case amounts to

p

u

k41

k41

uk+1

o1 -
argmin 5P - (P + o KT |2 + ot o <alP),

o1 . T
argmin §||U — (UK — 7K )12 + §||U —f|?
u

uk — 7K pf*t 4 7 f
1+7
2uk+1 —Uk.
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TV-L' Denoising

min P(u) = muin lu—fll4 + ol Kull4

with K being a discretization of the multichannel gradient
operator.
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TV-L' Denoising

We write

. . 1
min P(u) = min max 5 [u = s + (K, p) = 11 <a(P):

The (PDHQG) updates are
P = prox, g (P + oKT")
Ut = prox g(uf — TK* k),

ak+1 _ 2uk+1 _ Uk.
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TV-L' Denoising

We write

. . 1
min P(u) = min max 5 [u = s + (K, p) = 11 <a(P):

The (PDHQG) updates are

P = prox, g (P + oKT")
Ut = prox g(uf — TK* k),

ak+1 _ 2uk+1 _ Uk.

which in this case amounts to

An exercise! :-)
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TV-Inpainting

with K being a discretization of the color gradient operator, and

v, (U) =

min P(u) = muin v, (U) + o Kulls

0

o

ifui="f foralljel,
otherwise. '
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TV-Inpainting

We write

u

The (PDHG) updates are

P! = prox, . (0" + oKT")

uk+1 _ prOXTG(Uk _ TK*pk+1),
f; ifiel,
=yt = - K-+1 ;
(U —7K*p"t1);  otherwise.

Dk+1 — 2Uk+1 _ Uk.

min P(u) = minmax 1, (u) + (Ku. p) = 11 <a(P).
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TV-Deblurring

1
min P(u) = muin §||Au — f|> + a||Kul|2.1

with K being a discretization of the multichannel gradient
operator, A being a convolution with a blur kernel.
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TV-Deblurring

1
min P(u) = ijn §||Au — f|> + a||Kul|2.1

with K being a discretization of the multichannel gradient
operator, A being a convolution with a blur kernel.
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TV-Deblurring - Option 1
We write

. , 1
min P(u) = min max §||Au — f]2 4+ (Ku, p) — ¢ <a(P).

The (PDHQG) updates are

P! = prox, . (0¥ + o Ki¥)
uk+1 _ prOXTG(Uk _ TK*pk+1),

Uk+1 _ 2uk+1 _ uk.
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TV-Deblurring - Option 1
We write

. , 1
min P(u) = min max §||Au — f]2 4+ (Ku, p) — ¢ <a(P).

The (PDHQG) updates are
P! = prox, . (0¥ + o Ki¥)
Ukt = prox_g(uf — TK* ),
Uk+1 _ 2uk+1 _ Uk.

which in this case amounts to

K+1

N _
p arg;“'”éllp— (o + oKT)|PP + oty <alP),

k+1

1
u argmin = |u — (¥ — TK*PK |12 + L[ Au — f||2
2 2

= (I +7A A (UF - 7K* ! + 7f)
Dk+1 _ 2uk+1 _ Uk.
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TV-Deblurring - Option 2

We write
min P(u)

) 1
= min FQ%X<AU —f,q9) — §||C7||2 + (KU, p) — ¢ o <a(P)

= min max < (?) u, <Z>> —(f,q) — %Ilqll2 — Y- fwzalP)

Now we have

" 1
F(p.@) = (£, q) + 5119I* + 1) <a(P)
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TV-Deblurring - Option 2

The (PDHQG) updates are

K+1

q

K-+1
o

Uk+1

Dk+1

.1 _
= argmin 51 — (" + o AT + o (f.q) + F ],

o1 _
= argmin Slp— (0" + o KT)|? + o1y <a(P),

— Uk _ TK*pk-H _ TA*qk+1

=20kt — Yk,
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TV-Zooming

min P(u) = muin %HAU — £ + o Kul|

with K being a discretization of the multichannel gradient
operator, A = DB, with B being a convolution with a blur kernel,

and D being a downsampling, e.g. a matrix
1 0 0
0 0 0
0 0o 1

0 1
D= 0 o
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TV-Zooming

1
min P(u) = muin §||Au — £ + o Kul|
with K being a discretization of the multichannel gradient
operator, A = DB, with B being a convolution with a blur kernel,
and D being a downsampling, e.g. a matrix
1
0
D=1|0

PDHG implementation: Option 2 from the previous example.
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TV-Zooming

Nearest neighbor

TV Zooming
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Image Segmentation

min P(u) = min ta(U) + eso(u) + (u, f) + o |Ku||1

where K : R"*Mx¢ _, RMMeX2 peing a discretization of the
multichannel gradient operator, and

0 if X ,uijk=1, Y())

ta(U) = oo else
0 ifuijx >0, V(i jk
rz0(U) = 00 elsg ( )
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Image Segmentation

Upper row: data term minimization (=kmeans assignment),
lower row: variational method
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Image Segmentation

Option 1: We solve

muin mgx wa(u) + Lzo(U) + (u,f)y + (Ku,p) — LH.nga(p).
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Image Segmentation

Option 1: We solve

muin m'gX wa(u) + Lzo(U) + (u,f)y + (Ku,p) — LH.nga(p).

— Primal proximal operator: Projection onto unit simplex.
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Image Segmentation

Option 1: We solve
minmaxea(u) + eo(u) + (U, F) + (KU, P) = ¢ .. <a(P)-

— Primal proximal operator: Projection onto unit simplex.

Option 2: We solve

min max(Su — 1, q) + t>o(u) + (U, f) + (Ku, p) — ¢ . <a(P)-

U pq

where (Su);; = > Uij.
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Image Segmentation

Option 1: We solve
minmaxea(u) + eo(u) + (U, F) + (KU, P) = ¢ .. <a(P)-

— Primal proximal operator: Projection onto unit simplex.

Option 2: We solve

min max(Su — 1, q) + t>o(u) + (U, f) + (Ku, p) — ¢ . <a(P)-

u pgq
where (SU),‘J = Zk Ui

— Very simple proximal operators, but additional variable.
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Final remark for applications

If you are too lazy to compute the proximity operator of F*
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Final remark for applications

If you are too lazy to compute the proximity operator of F*

L R

B

0
0
u

B

= ProX, g« (Z)

argmin 1 lp — 2| + oF*(p)

Bp—z+ol, ©UedF*(p)

- 1. o -
U—z/oc+ s p € OF ()

prox, £(2/0)

Z— o proxig(z/o)
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Final remark for applications

If you are too lazy to compute the proximity operator of F*

p = prox,¢-(z)

= argmin 1P~ 2/ + oF*(p)

=0=p—z+ol, Ue€IF*(p)
:>O:U—z/o+%,5, p € OF ()
= 0= prox%,_-(z/a)

= p=2z—o0proxsp(z/o)

Moreau’s identity
If you know prox s you also know prox.,

prox,g«(2) = z — o proxi g(z/o).
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Modifications of PDHG
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Convergence rate

We have seen: PDHG works very well on problems of the form
min G(u) + F(Ku),

for which F and G are simple.
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Convergence rate

We have seen: PDHG works very well on problems of the form
min G(u) + F(Ku),
for which F and G are simple.

According to Chambolle and Pock we also get ergodic
convergence of the partial primal-dual gap with rate O(1/N).
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Convergence rate

We have seen: PDHG works very well on problems of the form
min G(u) + F(Ku),
for which F and G are simple.

According to Chambolle and Pock we also get ergodic
convergence of the partial primal-dual gap with rate O(1/N).

What if our problem is "more friendly”? E.g. what if G or F or
both are strongly convex?
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Either G or F* is strongly convex

Pt = prox,, g (P* + okKT¥),
uk+1 = prOXTkG(uk - TkK*pk+1 )a
1
0, =

VI + 2y
Tkt = OkTk,  Okp1 = 0k/bk
Uk+1 _ Uk+1 + ok(uk+1 _ Uk).

for o090 < ||K]|2, and G being ~-strongly convex.

(PDHG2)
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Either G or F* is strongly convex

Pt = prox,, g (P* + okKT¥),
uk+1 = prOXTkG(uk - TkK*pk+1 )7
1
O = ———, PDHG2
Ve (PERG2)

Th1 = OkThs  Okp1 = 0k /O
Uk+1 _ Uk+1 + ok(uk+1 _ Uk).

for o090 < ||K]|2, and G being ~-strongly convex.

Theorem about (PDHG?2), strongly convex G, Chambolle, Pock *10
For any € > 0 there exists an Ny such that for any N > Ny:
1+4¢ <||FJ— u°||?

215 _ 02
e (o E v e 1)

1 — u|? <
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One strongly convex function

Discussion of the convergence orders:

¢ Didn’t the gradient methods obtain linear convergence on
strongly convex energies?
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One strongly convex function

Discussion of the convergence orders:
¢ Didn’t the gradient methods obtain linear convergence on
strongly convex energies?
¢ Yes, but we additionally needed a part of the energy to be
L-smooth!
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One strongly convex function

Discussion of the convergence orders:
¢ Didn’t the gradient methods obtain linear convergence on
strongly convex energies?
¢ Yes, but we additionally needed a part of the energy to be
L-smooth!
¢ Note that L-smoothness of the primal corresponds to
1/L-strong convexity of the convex conjugate!
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One strongly convex function

Discussion of the convergence orders:

¢ Didn’t the gradient methods obtain linear convergence on
strongly convex energies?

¢ Yes, but we additionally needed a part of the energy to be
L-smooth!

¢ Note that L-smoothness of the primal corresponds to
1/L-strong convexity of the convex conjugate!

e What can we do if we additionally assume F to be
L-smooth, i.e., assume F* to be strongly convex?
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Two strongly convex functions

Consider

P! = prox, . (P + o KT¥),
Ut = prox, (U — TK*p'T),

L_lk+1 _ uk+1 + 9(Uk+1 _ Uk).

(PDHG3)
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Two strongly convex functions

Consider

P! = prox, . (P + o KT¥),
k

U = prox, g(uf — TK*pf ), (PDHG3)

Dk+1 _ Uk+1 + 9(Uk+1 _ Uk).

Chambolle, Pock 10

For un < 2\78/IIKIl, 7 = p/(27), o = 11/ (26), 6 € [1/(1 + p), 1],
G being «-strongly convex and F* being ¢-strongly convex,
there exists w < 1, such that the iterates of (PDHG3) meet

yllu™ =@l + (1= w)dlp" ~ BlF < wN(yllu® ~l® +6llp° ~ BIF).

— Linear convergence!
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Generic form

Remember the optimality conditions of the saddle point

formulation

were

u

0G KT
—K OF*

min max G(u) + (Ku,p) — F*(p)

o o
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Primal-Dual Methods
Generic form

Michael Moeller

Remember the optimality conditions of the saddle point
formulation Computer

Vision

min max G(u) + (Ku,p) — F*(p)
Y P PDHG
were

The PPA and convergence
analysis

(8 K (8 o
0 \K OF) AR Comar

Diagonal preconditioning

We could not compute (&, p) directly. Therefore, ADM

Useful tools
O E aG KT Uk+1 + M‘] M3 uk+1 — Uk Stopping criteria
0 —K OF* pK+1 M4 M2 pK+1 _ pk Adaptive stepsizes
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Applications and
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such that
* M is symmetric, i.e. My = (My)T,
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Primal-Dual Methods

Generic form
Michael Moeller

Remember the optimality conditions of the saddle point

formulation Computer
Vision

mJn max G(u) + (Ku,p) — F*(p)
PDHG

were The PPA and convergence

analysis

(8 K (8 o
0 ~-K oF ) \p)’ =
We could not compute (&, p) directly. Therefore, Ao
Useful tools

O E 8 G K T Uk+1 + M‘] M3 Uk+1 — Uk Stopping criteria
0 —-K OF* ,DK +1 M4 Mg pK+1 . ,Ok Adaptive stepsizes
N——

Applications and
extensions

=M
such that
* M is symmetric, i.e. My = (My)T,
e sequential updates are possible, i.e. Ms = —KT, or
M, =K.
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Diagonal M; and M-
Sticking to M = —KT leads to

0 . oG KT Uk+1 M1 _KT Uk+1_
0 —K oF* ) \ pftt -K M, pk+1
—_———
=M

u

-p

k
K
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Diagonal M; and M-
Sticking to M = —KT leads to

0\ _(0G KT\ (u L KT
0 K aF*) \ pk+ K M

=M

Only remaining requirement: M should be positive definite!

uk+1_u
K+1
Pt —p

k
K
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Diagonal M; and M-
Sticking to M = —KT leads to

0\ _(0G KT\ (u L KT
0 K aF*) \ pk+ K M

=M

Only remaining requirement: M should be positive definite!

In PDHG we chose My = 1/, M, =

o

I for simplicity.

uk+1_u
K+1
Pt —p

k
K
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Diagonal M; and M-
Sticking to M = —KT leads to

0 . G KT ykt+1 N My —KT\ [uft! —u
0 —K oF* ) \ pftt -K M, ot — p
—_————
=M

Only remaining requirement: M should be positive definite!

In PDHG we chose My = 1/, M, = 1/ for simplicity.

o

In many cases, e.g., for separable F* and G, the updates
remain easy to compute if M; and M, are diagonal.

Pock, Chambolle 2011
Let a € [0,2], M; = diag(m]) and M, = diag(m?) with

mh > KGR, mE > Kl
j j

Then M is positive definite.

k
K

) |
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Some remarks

Regarding the choice of My and M.:

¢ |t does not influence the convergence rate.
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Some remarks
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Some remarks

Regarding the choice of My and M.:

It does not influence the convergence rate.

It is an active field of research to understand its influence
on constants in the convergence rates.

It can make a huge difference in practice!!

Typically, the practical convergence speed improves the
more information about K is included in My, Mo.
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Some remarks

Regarding the choice of My and M.:
¢ |t does not influence the convergence rate.

® |t is an active field of research to understand its influence
on constants in the convergence rates.

¢ |t can make a huge difference in practice!!

¢ Typically, the practical convergence speed improves the
more information about K is included in My, Mo.

The latter motivates yet a different and vastly popular algorithm,
the alternating direction method of multipliers (ADMM).
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ADMM

Let us consider

0 oG KT\ [uk+ T KT\ [ukt!
S
0 —K OF* pK+1 + K MKKT pK+1
—_——
=M
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ADMM
Let us consider

0 oG KT\ [uk+ T KT\ [ukt!

0€—K8F* *

pK+1 K MKKT pK+1
—_——
=M

The resulting M is only positive semi-definite.

—uk
Kk
-p
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Primal-Dual Methods
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0 oG KT\ [uk+ 1 KT [uktt — ok Vision
€ +1
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0 -K OF*] \p -K MKK ptt —p PoHG
T The PPA and convergence
= analysis
Applications of PDHG
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operators in a different way to still show some kind of
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ADMM

Let us consider

0 oG KT\ [ukt! T =KT\ Ukt — uk
0 < —K OF* pK+1 + K MKKT pK+1 _pk :
—_——

=M
The resulting M is only positive semi-definite.

Either add ¢/, or exploit fixed point iterations of averaged
operators in a different way to still show some kind of
convergence.

For updating p, we need to solve

2

)

Pt = arg min F*(p) + % HKTp— KTpk — %K(2u’“r1 —uh)

such that we need a special structure of K or F* to still be able
to solve this subproblem.
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Example: Graph projection splitting

For any generic problem of the form we are currently
considering we can write

mJn H(u) + R(Du)

min H(v) + R(d), s.t.

u,v,d

min max H(v) + R(d) +

u,v,d

Q < © Q < <

N
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Example: Graph projection splitting

For any generic problem of the form we are currently
considering we can write

mJn H(u) + R(Du)

u
. -1 0
= min, H(v) + R(d), s.t. D o /1Y
d
min max H(v) + R(d) + - l;
= mi X
u,v,d p D 0 -l d

Now we can identify F* = 0 and the solution of the subproblem

in p becomes a linear system!

N
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Primal-Dual Method:
Remarks on ADMM ETERe®

Michael Moeller

. . . . . Computer
ADMM is often derived from a different perspective. In this Viei
perspective, the above ADMM is the classical algorithm applied iston

to the dual formulation of the problem. The primal version is POHG

0\ _(0G KT\ (v} (AKTK KT\ (0" —u esrct o
0 —K OF* pK +1 K 1X / pK +1 _ pk : Modifications
—_—

Generalizations

=M Diagonal preconditioning
cew
and requires G to be sufficiently simple in order to solve the Useful tools
update equations, i.e. Sl
Adaptive stepsizes.
Applications and
K1 = prox, . (P + AKU¥) extanslns
k41 LA k1o ki K ?
Ut = argmin 7 Ku — Ku —I—X(Zp -p9)| + G(u)
u
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Some final remarks

Detailed convergence rate analysis of ADMM is still an active
field of research. s Whether or not ADMM is faster than PDHG
and its variants largely depends on how efficient the non-prox
step can be computed.

It often even depends on the architecture you are computing
on. Tendency:

e PDHG is better parallelizable — GPU
e ADMM makes more progress per iteration — CPU

Various (heuristic) suggestions for how to
accelerate/approximate ADMM exist, e.g. a few iterations of
preconditioned conjugate gradient (pcg in matlab).
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Stopping customized proximal point algorithms
Generic form:

15J€] KT Uk+1 M1
—K OF* pk+1

—_KT
K Mo pk+1
=M

such that the matrix M is positive (semi-)definite.

uk+1 _ uk

- p

k
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Stopping customized proximal point algorithms
Generic form:

oG KT
-K OF*

—_KT
-K M

uk+ M,

pk+1 pk+1
=M

such that the matrix M is positive (semi-)definite.

Natural considerations:

uk+1 _

- p

uk
k

* How close is —KTp**1 to being an element of 9G(uk+")?
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Stopping customized proximal point algorithms
Generic form:

oG KT
-K OF*

ket My —KT

pk+1 K Mo pk+1
=M

such that the matrix M is positive (semi-)definite.

Natural considerations:

uk+1 _

- p

uk
k

* How close is —KTp**1 to being an element of 9G(uk+")?

* How close is Ku¥*" to being an element of 9F*(pk+1)?
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Stopping customized proximal point algorithms

Generic form:
oG KT uk+1 N M1 _KT uk+1 _ uk
—K OF* pk+1 K Mg pk+1 _pk
—_——
=M

such that the matrix M is positive (semi-)definite.

Natural considerations:

* How close is —KTp**1 to being an element of 9G(uk+")?

* How close is Ku¥*" to being an element of 9F*(pk+1)?

We define the primal and dual residuals:

rg+1 — Mz(pk+1 *,Ok) _ K(Uk+1 _ Uk)

f§+1 _ M1(Uk+1 _ Uk) _ KT(pk—H _pk)
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Primal and dual residuals

Based on the primal and dual residuals:

",’;H = Mz(pk+1 7pk) _ K(Uk+1 . Uk)
P = My (U - uR) — KT (R — k)
we could consider our algorithm to be convergent if
[r5+Y)12 + || Pk T2 — 0, because this implies
dist(—KTp"*", aG(uF*)) — 0,
dist(Ku**", 0F*(p"*")) — 0.
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Primal and dual residuals
Based on the primal and dual residuals:

rg+1 _ Mz(pk+1 *,Ok) _ K(Uk+1 _ Uk)

f§+1 _ M1(Uk+1 _ Uk) _ KT(pk+1 _pk)

we could consider our algorithm to be convergent if

[r5+Y)12 + || Pk T2 — 0, because this implies
dist(—KTp**", 0G(u**")) — 0,
dist(Ku ', aF*(p**1)) — 0.

Note that this notion of convergences does not imply
convergence of u* and p* yet!
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Primal and dual residuals
Based on the primal and dual residuals:

";’;H _ Mz(pk+1 7pk) _ K(Uk+1 _ uk)

f§+1 _ M1(Uk+1 _ Uk) _ KT(pk+1 _pk)

we could consider our algorithm to be convergent if

[r5+Y)12 + || Pk T2 — 0, because this implies
dist(—KTp"*", aG(uF*)) — 0,
dist(Ku ', aF*(p**1)) — 0.

Note that this notion of convergences does not imply
convergence of u* and p* yet!

Nevertheless, we know PDHG and ADMM do converge, and
|r&+1)| and [|rs ™| are good measures for convergence!
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Upper bounds on the residuals

How should we use ||r¥™|| and ||rf™"|| to formalize a stopping
criterion?
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Upper bounds on the residuals

How should we use ||r¥™|| and ||rf™"|| to formalize a stopping
criterion?

* Simple option: lterate until |rA*!|| < eand [|rf™| <.
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Upper bounds on the residuals

How should we use ||r¥™|| and ||rf™"|| to formalize a stopping
criterion?

* Simple option: lterate until |rA*!|| < eand [|rf™| <.

e Could be unfair, if u¥ € R" and p¥ ¢ R™ and e.g. n >> m.
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Upper bounds on the residuals

How should we use ||r¥™|| and ||rf™"|| to formalize a stopping
criterion?

* Simple option: lterate until |rA*!|| < eand [|rf™| <.

e Could be unfair, if u¥ € R" and p¥ ¢ R™ and e.g. n >> m.
Use [|rf™"| < Vneand [[rf) < vme.
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Upper bounds on the residuals

How should we use ||r¥™|| and ||rf™"|| to formalize a stopping
criterion?

* Simple option: lterate until |rA*!|| < eand [|rf™| <.

e Could be unfair, if u¥ € R" and p¥ ¢ R™ and e.g. n >> m.
Use [|rf™"| < Vneand [[rf) < vme.

e Could be unfair for different scales! Introduce absolute and
relative error criteria:

51 <v/n €@ + dual scale factor - €

|Fk1)| <v/m €@ + primal scale factor - €

But what are reasonable scale factors?
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Scaling the primal residuum
The primal residual

k= My — pk) —

A K(Uk+1 _ uk)

measures how far Ku**' is away from a particular element in
OF*(p**1), and therefore scales with the magnitude of
elements in 9F*(pk+1).
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Scaling the primal residuum
The primal residual

k= My — pk) —

A K(Uk+1 _ uk)

measures how far Ku**' is away from a particular element in
OF*(p**1), and therefore scales with the magnitude of
elements in 9F*(pk+1).

More precisely:
+ (k1 K+1 . pk+1
0 € OF (p") — Ku""' + rj*
=0 € OF*(P"") — KT(2uF+T — UF) + Ma(p"' — p).
= MZ(pk _pk+1) + KT(zuk+1 _ Uk) c 8F*(pk+1)

. zk+1
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Scaling the primal residuum
The primal residual

k= My — pk) —

A K(Uk+1 _ uk)

measures how far Ku**' is away from a particular element in
OF*(p**1), and therefore scales with the magnitude of
elements in 9F*(pk+1).

More precisely:
+ (k1 K+1 . pk+1
0 € OF (p") — Ku""' + rj*
=0 € OF*(P"") — KT(2uF+T — UF) + Ma(p"' — p).
= MZ(pk _pk+1) + KT(zuk+1 _ Uk) c 8F*(pk+1)

. zk+1

Thus, we can use
”rll)(ﬂ ” < \/E 6.azbs + ||zk+1 ” . 6re/

to be scale-independent.
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Scaling the dual residuum
The dual residual
f§+1 — M1(Uk+1 _ uk) _ KT(pk+1 _pk)

measures how far — K7 pf*1 is away from a particular element
in 9G(uk*"), and therefore scales with the magnitude of
elements in 9G(uk*1).
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Scaling the dual residuum

The dual residual
f§+1 _ M1(Uk+1 _ Uk) _ KT(pk+1 _ pk)

measures how far — K7 pf*1 is away from a particular element
in 9G(uk*"), and therefore scales with the magnitude of
elements in 9G(uk*1).

More precisely:
0 € OG(UM ) + KTpf ! 4 ket
= 0 € G + KTpK + My(uF*" — uk)
= M1(Uk _ Uk+1) _ KTpk c aG(Uk+1)

—.yk+
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Scaling the dual residuum

The dual residual
f§+1 _ M1(Uk+1 _ uk) _ KT(pk+1 _ pk)

measures how far — K7 pf*1 is away from a particular element
in 9G(uk*"), and therefore scales with the magnitude of
elements in 9G(uk*1).

More precisely:
0 € OG(UM ) + KTpf ! 4 ket
= 0 € G + KTpK + My(uF*" — uk)
= M1(Uk _ Uk+1) _ KTpk c aG(Uk+1)

—.yk+

Thus, we can use
”rg—H ” < \/ﬁ 6{:Ibs + ||vk+1 ” . 6re/

to be scale-independent.
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A scaled absolute and relative stopping criterion

In summary, a good stopping criterion is

||rFI)<+1|| < \/Eeabs_i_ ||zk+1|| e

Hrg+1H < \/ﬁeabs + ||Vk+1|| e

el

<

rel
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A scaled absolute and relative stopping criterion
In summary, a good stopping criterion is

HrFl;+1H < \/Eeabs + ||zk+1|| . €rel7

Hrg+1H < ﬁeabs_'_ ||Vk+1|| C

Interesting observation in our previous considerations:

ADMM/PDHG actually generates iterates
(uk+1 , PR v, Zk+1) with

Vk+1 e 8G(Uk+1), Zk+1 e 8F*(pk+‘).
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A scaled absolute and relative stopping criterion
In summary, a good stopping criterion is

||rFl)<+1|| < \/Eeabs + ||zk+1|| . €rel7

HrgHH < ﬁeabs_’_ ||Vk+1|| C

Interesting observation in our previous considerations:
ADMM/PDHG actually generates iterates
(uk+1 ; ,Ok+1, yk+1 , Zk+1) with

Vk+1 e 8G(uk+‘), zk+1 e 8F*(pk+1).
The goal of all algorithms is to achieve convergence

| 2" — Kuk*' || = 0 and || v/ + KTp*+T || — 0!
———— N————

_ k+1 k1
=r, =rk
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Adaptive stepsizes

K+
Ip

and ré,‘“ determine the convergence of the algorithm.
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Adaptive stepsizes

r5™ and rf*! determine the convergence of the algorithm.

Can we also use ry and r, to accelerate the algorithm?
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Adaptive stepsizes

K+
Ip

Can we also use ry and r, to accelerate the algorithm?

Adaptive stepsizes:

o0G KT yk+1 ikM'l _KT ukt1 — yk
—K OF* pk+1 + K ikMQ pk+1 _pk

o

0e

and r§+‘ determine the convergence of the algorithm.
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Adaptive stepsizes

K+
Ip

and r§+‘ determine the convergence of the algorithm.

Can we also use ry and r, to accelerate the algorithm?

Adaptive stepsizes:

oG KT

0k oF

KT [yket — gk
1 k—+1 k
M| | P —p

o

Base the choices of 7% and o* on the residuals ry and r¥,

where

1
k1 — JMZ(kaA _pk) _ K(uk+1 _ Uk),

r§+1 _ %M1(Uk+1 _ uk) _ KT(pk+1 _pk)?
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Customized proximal point algorithms
Decreasing residual balancing:
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- . - . Primal-Dual Methods
Customized proximal point algorithms

Michael Moeller

Decreasing residual balancing: Let (My, —KT; —K, M») be

positive definite. Pick 7° and o° with 7%¢° < 1. Further choose Computer
p>1,a% <1, 8 <1 and adapt as follows Vision
k k
* Wil > plirgll, do
1 analysls‘
k+1 __ _ ky.k k+1 __ k k+1 _ k. Applications of PDHG
T - (1 « )T o - 1— aka @ = B Modifications

Generalizations
Diagonal preconditioning
ADMM

Useful tools
Stopping criteria

Applications and
extensions
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Customized proximal point algorithms
Decreasing residual balancing: Let (My, —KT; —K, M») be
positive definite. Pick 7° and ¢° with 7%¢° < 1. Further choose
p>1,a% <1, 8 <1 and adapt as follows

o If{lr5ll > plirgll, do

1
Tk+1 _ (1 _ O[k)’Tk7 0k+1 _ k ak+1 _ ak . B.

o If{|rgll > plirg]l, do

k+1 _ 1 k k+1

Ky .k k+1 k
T =gk O =(1-a"e", o' =a".p.
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Customized proximal point algorithms
Decreasing residual balancing: Let (My, —KT; —K, M») be
positive definite. Pick 7° and ¢° with 7%¢° < 1. Further choose
p>1,a% <1, 8 <1 and adapt as follows

o If{lr5ll > plirgll, do

1
Tk+1 _ (1 _ O[k)’Tk7 0k+1 _ k ak+1 _ ak . B.

o If{|rgll > plirg]l, do

1
Sk G (1= ak)ok, okt = ok B,
1 —ak

e Keep 7/t = 7K, ok*t1 = oK and oft! = of otherwise.
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Customized proximal point algorithms
Decreasing residual balancing: Let (My, —KT; —K, M») be
positive definite. Pick 7° and ¢° with 7%¢° < 1. Further choose
p>1,a% <1, 8 <1 and adapt as follows

o If{lr5ll > plirgll, do

1
Tk+1 _ (1 _ O[k)’Tk7 0k+1 _ 1 ka7 ak+1 — ak B
—
o If [|rg]l > ullrgll, do
1
Tk+1 _ ] _aka7 0_k+1 _ (1 —Oék)O'k7 ak+1 — Oék ﬁ

o Keep 7/t = 7K, 0%+ = 5K and ot = o otherwise.

Goldstein et al., Adaptive Primal-Dual Hybrid Gradient
Methods for Saddle-Point Problems: The resulting scheme still
converges.

Primal-Dual Methods

Michael Moeller

Computer

Vision

PDHG

The PPA and convergence
analysis

Applications of PDHG

Modifications

Generalizations
Diagonal preconditioning

ADMM

Useful tools
Stopping criteria

Applications and
extensions

from 21.06.2019, slide 51/ 66



PDHG with backtracking
Start with any step sizes 7%, ¢°, and constants v, 3 €]0, 1].
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PDHG with backtracking
Start with any step sizes 7%, ¢°, and constants v, 3 €]0, 1[. Do
Ukt =prox «g(uf — TFKTp¥)

P =prox, kg (pF + FK(2uF T — uk))
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PDHG with backtracking

Start with any step sizes 7%, ¢°, and constants v, 3 €]0, 1[. Do

Ut =prox «g(uk — 8K T p¥)

P =prox, kg (pF + FK(2uF T — uk))

Compute

g 2T — B K (U — )
AT — BRI+ K [T = P
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PDHG with backtracking
Start with any step sizes 7%, ¢°, and constants v, 3 €]0, 1[. Do
Ukt =prox «g(uf — TFKTp¥)

P =prox, kg (pF + FK(2uF T — uk))

Compute

g 2T — B K (U — )
AT — BRI+ K [T = P

If b < 1 keep iterating, if b > 1 update

Tk+1 _ ﬂTk/bk O_k+1 _ ﬂok/bk
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PDHG with backtracking
Start with any step sizes 7%, ¢°, and constants v, 3 €]0, 1[. Do
Ukt =prox . g(uf — T KT p¥)

P =prox, kg (pF + FK(2uF T — uk))

Compute

g 2T — B K (U — )
AT — BRI+ K [T = P

If b < 1 keep iterating, if b > 1 update
Tk+1 _ BTk/bk O_k+1 _ ﬂ()’k/bk

Key insight to prove convergence: bX > 1 can only happen
finitely many times.
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Summary

For proper, closed, convex functions G and F o K (with
ri(dom(G)) N ri(dom(F o K)) # 0) we can write

muin G(u) + F(Ku) = muin max G(u) + (Ku,p) — F*(p).
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muin G(u) + F(Ku) = muin max G(u) + (Ku,p) — F*(p).

with the optimality condition
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Summary

For proper, closed, convex functions G and F o K (with
ri(dom(G)) N ri(dom(F o K)) # 0) we can write

muin G(u) + F(Ku) = muin max G(u) + (Ku,p) — F*(p).

0]
oK

Typically, (&, p) cannot be computed directly, but one devises
iterative methods on this saddle point problem.

with the optimality condition
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Summary

For proper, closed, convex functions G and F o K (with
ri(dom(G)) N ri(dom(F o K)) # 0) we can write

muin G(u) + F(Ku) = muin max G(u) + (Ku,p) — F*(p).

0]
oK

Typically, (&, p) cannot be computed directly, but one devises
iterative methods on this saddle point problem.

with the optimality condition

0G KT
~K OF*

Their idea is to decouple the update inclusions in v and p!
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Summary

For proper, closed, convex functions G and F o K (with
ri(dom(G)) N ri(dom(F o K)) # 0) we can write

muin G(u) + F(Ku) = muin max G(u) + (Ku,p) — F*(p).

0]
oK

Typically, (&, p) cannot be computed directly, but one devises
iterative methods on this saddle point problem.

with the optimality condition

0G KT
~K OF*

Their idea is to decouple the update inclusions in v and p!

Their convergence can be shown via fixed-point iterations of
averaged operators.
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Primal-Dual Methods

Saddle point methods

Michael Moeller

Most prominently, we discussed

* PDHG, overrelaxation on primal Computer
G KT [uk+ 1 KT [uktt — yk Vision
0¢€ + 17

—-K OF* pk+1 -K j;/ pk+1 - pk ' PDHG
The PPA and convergence
analysis

Applications of PDHG

Modifications
Generalizations
Diagonal preconditioning
ADMM
Useful tools
Stopping criteria

Applications and
extensions

from 21.06.2019, slide 54/ 66



Saddle point methods

Most prominently, we discussed
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¢ PDHG, overrelaxation on primal

0e

oG KT
-K OF*

ykt .
Pkt

1

-K

* PDHG, overrelaxation on dual

0e

0G KT
-K OF*

¢ Primal ADMM

0e

0G KT
—-K OF*

U
K-+1
o

gk
K-+1
o

|+

+

1

T

K

AKTK
K

KT
1

KT
1

_KT uk+1 —u
1y pk+1

Uk+1_u
K+1
p ! —p

—p

k
k

uk+1_u
K+1
Pt —p

k
k

k
K

].
].
].

Primal-Dual Methods

Michael Moeller

Computer

Vision

PDHG

The PPA and convergence
analysis

Applications of PDHG

Modifications

Generalizations
Diagonal preconditioning

ADMM

Useful tools
Stopping criteria

Applications and
extensions

from 21.06.2019, slide 54/ 66



Saddle point methods
Most prominently, we discussed
¢ PDHG, overrelaxation on primal
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Single view 3D reconstruction

Let Q be the image domain, S C Q an object.

From: Finding Nemo, https://ohmy.disney.com/movies/2015/12/20/dory-finding—nemo-hero/

Goal: Estimate a 3D model
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First version: Single view 2.5D reconstruction

Oswald, Toppe, Cremers CVPR 2012: Find a height map that
has minimal surface for fixed volume and respects the contour.
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First version: Single view 2.5D reconstruction

Oswald, Toppe, Cremers CVPR 2012: Find a height map that

has minimal surface for fixed volume and respects the contour.

Mathematically for height map uv: S — R
e [su(x) dx =V, where Vis a user given volume

* Constrain ujps =0

* Minimize [g+/1+ [Vu(x)|? dx (surface area)
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First version: Single view 2.5D reconstruction

Oswald, Toppe, Cremers CVPR 2012: Find a height map that

has minimal surface for fixed volume and respects the contour.

Mathematically for height map uv: S — R

e [su(x) dx =V, where Vis a user given volume
* Constrain ujps =0

* Minimize [g+/1+ [Vu(x)|? dx (surface area)

Discrete form

min Z 1+|(Du)if? + 65, (u),
I

for a suitable gradient operator D (respecting ujgs = 0),

ZV:{UER‘S| | ZU,‘Z V}
i
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Single view 2.5D reconstruction

How can we minimize

E(uy= > /1+|(Du)il2 + 6z,(u) ?
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Single view 2.5D reconstruction

How can we minimize
E(u)= Y _ /1+I[(Du)il?+dx,(u)?
i

One option: Gradient projection.

e Descent on the term that does not have an easy prox:

kY.
U2 gk Dk, v = (Du");..
V1 + |(DuX);. 2

for suitable 7, with D : R" — R"%2,
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Single view 2.5D reconstruction

How can we minimize

E(uy= > /1+(Du)il2 + 6z,(u) ?

One option: Gradient projection.

e Descent on the term that does not have an easy prox:

Duk); .
uk+1/2 — uk o TD*Vk, V. = ( )I,.

/14 |(Duk); 2
for suitable 7, with D : R" — R"%2,

® Project onto constraint set:
: 1 5
projy, (v) = argmin 5 ju — v][z + oz, (u)

Board: How does the projection look like?
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Single view 2.5D reconstruction

1 1
argmin §||u — V||§ + 45, (u) = argmin §||u — V||§ +o._v((1,u)
u u
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Single view 2.5D reconstruction

1 1
argmin §||u — V||§ + 45, (u) = argmin §||u — V||§ +o._v({1,u))
u u

Optimality condition

0

>
i

U—v+1p,
%4

p € 0s._v({(1,0))

Primal-Dual Methods

Michael Moeller

Computer

Vision

PDHG

The PPA and convergence
analysis

Applications of PDHG

Modifications

Generalizations
Diagonal preconditioning

ADMM

Useful tools
Stopping criteria

Adaptive stepsizes

from 21.06.2019, slide 58/ 66



Single view 2.5D reconstruction

o1 1

argmin = ||u — V|3 + 05, (u) = argmin = ||u — v||3 + 6._v((1,u))

u 2 u 2
Optimality condition

0=0-v+1p, peds_y((1,0))
=V
i

Take inner product of the above equation with 1:

O:V—Zv,-+np,
i

:>p:1ﬁ V—ZV,‘ R
i
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Primal-Dual Methods

Single view 2.5D reconstruction

Michael Moeller

Computer

1 2 B 1 5
arglrlnln §||u —v|5+dx,(u) = argtrlmn §||u vs+d._v({1,u)) Vision

Optimality condition
PDHG
O — i:l —v _|_ 1p’ p 6 86,V(<1 , CI>) ;:zl;lrandconvergence
~ Applications of PDHG
Z Ui = V Modifications
i Generalizations

Diagonal preconditioning

Take inner product of the above equation with 1:

ADMM

0 = V — Z Vi —+ I’]p7 Useful tools
i

Stopping criteria

Adaptive stepsizes

o vy, s
i

n

which yields

N 1 4
b=v-1_ V—Zv, = v —mean(v)1 +1-
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Single view 2.5D reconstruction

What about our primal-dual/splitting methods?

min > /14 |(Du)f? + 3, (u),
1
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Single view 2.5D reconstruction
What about our primal-dual/splitting methods?
min Z 1+ |(Du)if? + 65, (u),
1
Natural reformulation:

)

Butis F(d) =Y_; /1 + |di|?> simple?

min Z\/1+|d,-|2+5zv(u), Du = d.
]
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Single view 2.5D reconstruction

What about our primal-dual/splitting methods?

min Z 1+ |(Du)if2 + 65, (u),
1
Natural reformulation:

)

Butis F(d) =Y_; /1 + |di|?> simple?

® Somewhat yes, as it reduces to a 1D problem.

min Z\/1+|d,-|2+5zv(u), Du = d.
]
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Single view 2.5D reconstruction

What about our primal-dual/splitting methods?

min Z 1+ |(Du)if? + 65, (u),
1

Natural reformulation:

min Z\/1+|d,-|2+5zv(u), Du = d.
]

)

Butis F(d) =Y_; /1 + |di|?> simple?
e Somewhat yes, as it reduces to a 1D problem.
e Somewhat no, as there is no (easy) closed form solution.
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Single view 2.5D reconstruction

What about our primal-dual/splitting methods?

min Z 1+ |(Du)if? + 65, (u),
1

Natural reformulation:

min Z\/1+|d,-|2+5zv(u), Du = d.
]

)

Butis F(d) =Y_; /1 + |di|?> simple?
e Somewhat yes, as it reduces to a 1D problem.
e Somewhat no, as there is no (easy) closed form solution.

Reformulation that makes the prox operator really easy?
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Single view 2.5D reconstruction

Let’s start with

nJ,ic? Z\/‘I +|di|2+(5zv(U), Du
i

d.
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Single view 2.5D reconstruction

Let’s start with

min Z./1+|d,|2+5zv(u), Du=d.
]

Note that

1+ |dif2 = ‘(d,-, 1)T’
Idea: Introduce variable e with constraint e; = 1 for all J!

i |2 _ _
o Z €2 +|di2+6x,(u), Du=d,e=1

=[(d,e)7|

=[/(d,€)ll2,1
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Single view 2.5D reconstruction

min
u,d,e

H(dv e)||2,1 + 5):V(U), Du=d,e=1
Now the proximity operators of the two functions are simple!

u
d

-D
0

/
0

0

min max||(d, &)||2,1+dx, (U)+ P |

u,d,e p,q q ’ 7<qa1>
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min  ||(d,€)|21 +dx,(Uu), Du=d,e=1 Vision

u,d,e

Now the proximity operators of the two functions are simple! FHE
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Primal-Dual Methods

Single view 2.5D reconstruction

Michael Moeller
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min  ||(d,€)|21 +dx,(Uu), Du=d,e=1 Vision

u,d,e

Now the proximity operators of the two functions are simple! FHE

The PPA and convergence
analysis

p D | 0 u Applufations of PDHG
LTJ,nerg?qX“(d’ e)||2,1+5zv(u)+< (q) ; ( 0 0 I> d ><q,1> —
e

Diagonal preconditioning

ADMM

Option 1: Use (PDHG) now! Useful tools

Stopping criteria

Adaptive stepsizes

— Board! -

Option 2: First save some variables, then apply (PDHG)!

— Board!
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Single view 2.5D reconstruction

It still works! :-)
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