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Theory: Calculus Basics

Exercise 1 (4 Points). Are the following sets open, closed, bounded, compact?
Justify your answers!

o {(z,y) eR?*[2? <1, y €] - L1[}

o {veR"| (Av); <b; Vie{l,..,m}} for some matrix A € R™" m < n, and
a vector b € R™. (Hint: Careful - you need to distinguish three cases!)

Exercise 2 (2 Points). Let £ : R" — R be differentiable and Lipschitz continuous.
Prove that the gradient of E is uniformly bounded, i.e. there exists a constant ¢
such that |[VE(z)|| < ¢ for all x € R™.

Remark. Note that the reverse is also true: If there exists a constant ¢ such that
|IVE(x)|| < cfor all z € R", then E is Lipschitz continuous!

Exercise 3 (2 Points). Let f : R® — R™ and g : R — R be continuous. Prove
that (f o g) : Rt — R™ is continuous.

Exercise 4 (4 Points). Determine the gradient of the function
E(z) = (x, Bx)
for a matrix B € R"*", by defining
B, :R*™ & R, Ey(d', d?*) = (d',d?)
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writing F(z) = Ey(F2(x)), and applying the chain rule from the lecture.



