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Theory: The Subdifferential

Exercise 1 (4 Points). Let a function f : R™ — R be continuously differentiable at
x € R™. The directional derivative 0, f(x) in the direction of v at = is defined as

Oy f(x) :=lim flatev) = f(x)

e—0 €

Prove that
Ouf(z) = (Vf(z),0).

Hint: Write 9, f(z) as the derivative of some composite function f o g.
Exercise 2 (4 Points). Compute the following subdifferentials:
1. Of(z) for f:R™ — R with f(z) = ||z]]2.

2. 0f(X) for f: R™™ — R with f(X) = || X|]21 :== >, [|2*]]2, where 2’ € R"
is the ¢-th column of X.
0 itz <1

oo otherwise

Show that 0f(xz) = {0} if ||z||2 < 1 and Of(z) = {ax | a > 0} if ||z = 1.

3. Let f:R" —» RU{oo} with f(z) =

Exercise 3 (4 Points). Let f € R". Show that the solution u of the convex opti-
mization problem

1 )
arg min o {lu — fI" + JJull,

is given as
fi+ XN if fi< =X
ueR" wu =40 if fi e [-\ A
fi—=Xx i fi> A\

This is an important formula known as soft thresholding or shrinkage.

Hint: Note that the above optimization problem is decoupled in the sense that
one can look for the individual entries u; of the optimal u separately.

1



Programming - Wavelet Shrinkage

Exercise 4 (4 points). Use the results from the last exercise to implement a denois-
ing algorithm with wavelet shrinkage. Compute a wavelet decomposition W f of an
image f, minimize

1 2
arggg}le ﬁHC—Wf” + lells,

for some well-chosen A and recompose the denoised image with u* = W~1¢*.

Test your program with the image giraffe. jpg, converted to gray-scale with some
added noise.

You can use the MATLAB functions

[c,S] = wavedec2(f,6,’db5’)

[u]l = waverec2(c,S,’db5’)

as a black-box to transform some 2d image f into coefficients ¢ and back.

Remark: *db5’ is the type of wavelet, that is used for the transformation (here
a Daubechies with 5 vanishing moments), and the 6 stands for 6 scales of decompo-
sition. The specifics of the decomposition are saved in the matrix S which has to be
used for the reconstruction.



