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Theory
Exercise 1 (4 Points). Let f , and g be functions in L1(R). The latter means that
f : R→ R and g : R→ R are absolutely integrable, i.e.

‖f‖L1 =

∫
R
|f(x)| dx <∞, ‖g‖L1 =

∫
R
|g(x)| dx <∞.

Let

F(f)(z) :=
∫
R
f(x) exp(−2πixz) dx

denote the Fourier transformation of f .

Consider the convolution

c(x) = (f ∗ g)(x) =
∫
R
f(y)g(x− y) dy.

• Show that c is also absolutely integrable by proving ‖c‖1 ≤ ‖f‖1‖g‖1.

• Prove the following theorem about the relation between the convolution and
the Fourier transformation:

F(c) = F(f) · F(g).

Hint: For absolutely integrable functions you may exchange the order of integration
(Fubini’s theorem).

Exercise 2 (4 Points). Let f, g ∈ Rn be a discrete signal. Let

Fk =
n−1∑
l=0

fl exp(−2πikl/n), Gk =
n−1∑
m=0

gm exp(−2πikm/n), k ∈ Z

denote the (infinitely many, but n-periodic) coefficients of the discrete Fourier trans-
forms of f and g respectively.
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Consider the discrete circular convolution with coefficients

ck :=
n−1∑
l=0

fl g((k−l))n ,

where g((k−l))n denotes the n-periodic extension of g (so (k − l)modn if you think
back to your discrete mathematics lectures.)

Prove that the discrete circular convolution theorem

Ck = Fk ·Gk

holds, where Ck is the Fourier transform of the circular convolution of f and g.

Programming
Exercise 3 (4 Points). Use the formula

ĝ = FFT −1(FFT (f) · FFT (k))

to generate a blurry image with k being a suitable blur kernel. Here FFT denotes a
fast implementation of the discrete Fourier transform and FFT −1 its corresponding
inverse transform.

Verify that
û = FFT −1(FFT (f)/FFT (k))

returns the true image without a blur.

Now compute
û = FFT −1(FFT (f + σ · noise)/FFT (k))

for a tiny σ > 0. What do you observe?

Exercise 4 (4 Points). Implement

min
u

1

2
‖Au− f‖2 + αR(u)

for a regularization R of your choice and A being the matrix representation of the
blur kernel you used in the previous exercise. Are you able to stabilize the inverse
process?
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