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Theory: Preparing gradient descent

Exercise 1 (6 points). Let the function E : Rn → R be given as

E(u) := t(u) + h(u).

where the function h : Rn → R is de�ned as

h(u) := g(Du), g(v) =
2n∑
i=1

ϕ(vi), ϕ(x) =
√
x2 + ε2,

with D ∈ R2n×n being a �nite di�erence gradient operator and t : Rn → R is de�ned
as

t(u) :=
λ

2
‖u− f‖2.

1. Show that the function E is L-smooth with L = λ+
‖D‖2S∞

ε
.

2. Show that the function E is m-strongly convex, with m = λ.

Exercise 2 (2 Points). Which formula will you implement for the following step in
Nesterov's accelerated gradient method: "Find the next α ∈]0, 1[ by solving

α2
k+1 = (1− αk+1)α

2
k +

m

L
αk+1”

Programming: Image denoising via gradient descent

Exercise 3 (8 Points). Denoise the noisy input image f , given in the �le noisy_input.png
by minimizing the energy from Ex. 3:

E(u) =
λ

2
‖u− f‖2 +

2n∑
i=1

√
(Du)2i + ε2

via

1



� Gradient descent with a �xed step size 0 < τ < 2
m+L

,

� Gradient descent with backtracking line search

� Nesterovs accelerated gradient method

You can use MATLABs normest to estimate the norm ‖D‖S∞ of your �nite di�erence
gradient operator D. Plot the decay of energy E against the number of iterations
as well as against the time for all three methods. Which one compares favorably?
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