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Theory
Exercise 1 (4 Points). Prove that the conjugate E∗ of any energy function E : Rn →
R ∪ {∞} is convex. Prove that the biconjugate E∗∗ of E meets E∗∗(u) ≤ E(u) for
all u.

Exercise 2 (8 Points). Let R1 : Rn → R and R2 : Rn → R be convex and absolutely
one-homogeneous, i.e.

R1(αu) = |α|R1(u) ∀α, u.

We will show that the biconjugate of

E(u) = min(R1(u), R2(u))

is the infimal convolution

E∗∗(u) = inf
w
R1(u− w) +R2(w)

between R1 and R2. Argue in the following steps:

• The convex conjugate of E is E∗(p) = max(R∗
1(p), R

∗
2(p)).

• The convex conjugate of an absolutely one homogeneous function is an indi-
cator function of a convex set, i.e. R∗

1(p) ∈ {0,∞} for all p. (Hint: First
convince yourself that R∗

1(p) ≥ 0. Then assume there exists a u such that
〈p, u〉 −R1(u) > 0. Conclude the assertion by considering αu instead).

• Conclude that max(R∗
1(p), R

∗
2(p)) = R∗

1(p) +R∗
2(p).

• Use the Fenchel-Rockafellar duality to show that

inf
w
R1(u− w) +R2(w) = sup

p
〈u, p〉 −R∗

1(p)−R∗
2(p),

and use the latter to conclude the proof.
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Programming
Exercise 3 (4 Points). Implement image demosaicking using infimal convolution
regularization as discussed in the lecture, i.e. define

R1(u) =

∫
Ω

√
(0.25 · ∂x1u(x))

2 + (∂x2u(x))
2 dx,

R2(u) =

∫
Ω

√
(∂x1u(x))

2 + (0.25 · ∂x2u(x))
2 dx.

and solve
min
u,w

1

2
‖Au− f‖2

2 +R1(u− w) +R2(w).

using a smoothed version of R1 and R2 via your line search gradient descent.
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